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2010.3 Question 12

Since -
S = Z(l + nd)r",
n=0
we have
1-r)S=S5-rS
= Z(l + nd)r" — Z(l + nd)r™t
n=0 n=0
= Z(l + nd)r" — Z(l + (n — Dd)r"™
n=0 n=1
o0
=1+ Z dr™
n=1
dr
=1
+ 1—7’
and hence
S — 1 + L
T 17 (1—r)2’
as desired.

Let X be the number shots taken for Arthur to hit the target for the first time, and we have
X ~ Geo(a), we would like to show E(X) = 1.
The probability mass function for X satisfies
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as desired.

Since there is a probability a of Arthur winning on a particular shot, and if Arthur did not hit (with
probability (1 —a)), then there is a probability b of Boadicea winning on the shot, and (1 —b) probability
that the first two shots both miss, and the game continues as if nothing happened in the first two shots.
Therefore,

(@, ) = a(1,0) + (1 = a)b(0,1) + (1 — a)(1 = b)(«, B),

and hence a
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Let the expected number of shots in the contest be e. By the linearity of the expectation, we have
e=a-1+ab-2+adb - (e+2),

where the (e + 2) comes from when Arthur and Boadicea both miss their initial shots (for the 2), and
the game continues (for the e), and hence
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On the other hand, we have
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as desired.
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