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2010.3 Question 1

1. Notice that

C =
1

n+ 1

n+1∑
k=1

xk

=
1

n+ 1

(
n∑

k=1

xk + xn+1

)

=
1

n+ 1
(nA+ xn+1) .

2. By expanding the brackets,

B =
1

n

n∑
k=1

(xk −A)2

=
1

n

n∑
k=1

(x2
k − 2Axk +A2)

=
1

n

[
n∑

k=1

x2
k − 2A

n∑
k=1

xk +A2n

]

=
1

n

n∑
k=1

x2
k − 2A

1

n

n∑
k=1

xk +A2

=
1

n

n∑
k=1

x2
k − 2A2 +A2

=
1

n

n∑
k=1

x2
k −A2.

3. Similarly, we have

D =
1

n+ 1

n+1∑
k=1

x2
k − C2.

Hence,

D =
1

n+ 1

n+1∑
k=1

x2
k − C2

=
1

n+ 1

(
n∑

k=1

x2
k + x2

n+1

)
−
(

1

n+ 1
(nA+ xn+1)

)2

=
1

n+ 1

(
n(B +A2) + x2

n+1

)
−
(

1

n+ 1
(nA+ xn+1)

)2

=
1

(n+ 1)2
[
(n+ 1)

(
n(B +A2) + x2

n+1

)
− (nA+ xn+1)

2
]

=
1

(n+ 1)2
(
nA2 + n(n+ 1)B + nx2

n+1 − 2nAxn+1

)
=

n

(n+ 1)2
(
A2 + (n+ 1)B + x2

n+1 − 2Axn+1

)
=

n

(n+ 1)2

[
(A− xn+1)

2
+ (n+ 1)B

]
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Hence,

(n+ 1)D − nB =
n

n+ 1

[
(A− xn+1)

2
+ (n+ 1)B

]
− nB

=
n

n+ 1
· (A− xn+1)

2
+ nB − nB

=
n

n+ 1
· (A− xn+1)

2

≥ 0,

since a square is always non-negative, and hence

(n+ 1)D ≥ nB.

On the other hand, notice that

D −B =
n

(n+ 1)2

[
(A− xn+1)

2
+ (n+ 1)B

]
−B

=
n

(n+ 1)2
(A− xn+1)

2
+

n

n+ 1
B −B

=
n

(n+ 1)2
(A− xn+1)

2 − 1

n+ 1
B,

and hence

D < B ⇐⇒ n

(n+ 1)2
(A− xn+1)

2 − 1

n+ 1
B < 0

⇐⇒ n

(n+ 1)2
(A− xn+1)

2
<

1

n+ 1
B

⇐⇒ (A− xn+1)
2
<

n+ 1

n
B

⇐⇒ −
√

n+ 1

n
B < A− xn+1 <

√
n+ 1

n
B

⇐⇒ −A−
√

n+ 1

n
B < −xn+1 < −A+

√
n+ 1

n
B

⇐⇒ A−
√

n+ 1

n
B < xn+1 < A+

√
n+ 1

n
B,

exactly as desired.
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