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2024.3 Question 1
1. For the first identity, notice that

1 1+1_r2—r(r+1)+(r+1)
r+1 r 2 r2(r+1)
P2—r2—r4r+1

r2(r+1)

and hence using this,

N 1 N/ 1 1
;rQ(r+1):;(r+l_r+r2>
A | N
:;ﬁ—’—;rJrl_;;
N 1 N+11 N 1
=2 =t X,
r=1 r=2 r=1
Yoo 1
EP DR R o
N 1
IR

Let N — oo, and we have ﬁ — 0, and hence

> 1 =1 2

™
)P o B
z >3
—r (r+1) —r 6
2. By partial fractions, let
1 _Ar+B . C . D
r2(r4+1)(r+2) 2 r+1 r+2

for real constants A, B,C and D.
Hence,
(Ar + B)(r +1)(r +2) + Cr?(r +2) + Dr?(r + 1) = 1.
Let r = —2, we have D - (—2)? - (—1) = —4D =1, and hence D = —1.
Let r = —1, we have C'- (—1)2 .1 = C = 1, and hence C = 1.
Let r =0, we have B-1-2=1, andhenceB:%.
Considering the coefficient of 73, we have A+ C + D = 0, and hence A = —

[0

Hence,
1 31 n 1 1 n 1 1 1
r2r4+1)(r+2) 4 r 2 2 r4+1 4 r+2
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Therefore,

al 1

-3y

r=1

S| =

N =
=

[\]
Ol UL 00| © k=W k=W

1 1
Let N — 0o, we have v v — 0 and hence

+2

i 1 L. w2
e 2T
pa P2+ 1) +2) 2Nse N8 12

3. Similarly, let
1 A

r2(r4+1)2

for some real constants A, B,C and D.

7_’_7
rZ2 oy

Hence,
1=A(r+1)°+ Br(r +1)?

+Cr?+ Dr2(r +1).

Let r = 0, and we have A = 1. Let r = —1, and we have C' = 1. Considering the coefficient of 73

we have B+ D =0, and for r, 2A + B = 0.
Hence, B =—-2,D = 2, and

1 1 2Jr 1 n 2
r2r+1)2 2 7 (r+1)2  r+1
Therefore, for natural numbers N, we have
N N N 1 Ny
=N = 2
N+1 N+l
sy d +zzf—zzf
— Sy + S vo. L9
=ON N+1— 12 N1l
1
:SN+SN+1+2N7—’_173
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Let N — oo. SN,SN+1%%,andﬁ%0. Hence,
(oo}
1 2
S =2 e 3
—r3(r+1) 6
2
3
2
—2-(”—1)—1
6

as desired.
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2024.3 Question 2
1. (a) We have
Vida? —8x +64 < |z + 8| <= 0< 42> —8x+64 < (x+8)°.
The left inequality can be simplified as follows:
47% — 8z +64 >0
2°—22+16>0
(X —1)2+15>0,
which is always true.
The right inequality can be simplified as follows:
4o? — 8z + 64 < (x + 8)?
47% — 8z + 64 < 2% + 167 + 64
327 — 242 <0
xz(z—8) <0,
which solves to 0 < z < 8.
Hence, the solution to the original inequality is « € [0, 8].
(b) WE have
Vda? — 8r +64 < |3z — 8] —= 0 < 42® — 8z + 64 < (3z — 8)%.
The left inequality is always true from the previous part.
The right inequality can be simplified as follows:
42% — 82 4 64 < (3x — 8)2
42% — 8z + 64 < 927 — 487 + 64
52% — 40z > 0
x(x—8) >0,
which solves to x <0 or x > 8.
Hence, the solution to the original inequality is x € (—o0, 0] U [8, 00).

2. (a) We have

(\/4952 "8z + 64+ 2z — 1)) fla) = (\/43:2 "8z + 64)2 2z — 1))?
(42 — 8z +64) — 4 (2° — 2z + 1)
= (42” — 8z + 64) — (42 — 8z + 4)
6

Hence,

f(z)

- VAr? =8z + 64+ 2(x — 1)
As z — 00, V4a? — 8z + 64 — o0, 2(z — 1) — oo.

Hence, f(x) — 0 as z — oo.
(b) Let fi(z) = v4a? — 8z + 64, fa(x) =2(x —1).
f1(0) = V64 =8, and f(0) =2+ (-1) = —2.
We have f(z) = f1(z) — f2(z) > 0 from the previous part, and that fi(x) is defined for all x
and is always positive.
Furthermore,
filx) =2v/2? — 22 + 16 = 2¢/(x — 1)2 + 15,
and hence f; decreases on (—oo, 1) and increases on (1, 00), taking a minimum of f;(1) = 2v/15.
In terms of symmetry, we have f1(1 —z) = f1(1 4+ z) and fo(1 —z) = —fo2(1 + ). fa is an
asymptote to f; as x — oo, and — f> is an asymptote to f; as z — —oc.
Hence, the sketch looks as follows.
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y = vV4x? — 8x + 64

y=2(1—x)

3. Let z = 3, and we must have v/4-9—5-3+4 = |3m + ¢|, and hence 5 = |3m + ¢|.

This is only achievable for m = +2 due to the diagram — the solution set can only be ’one-sided’
if on the other side the absolute value is eventually ’parallel’ to the curve.

We let m = 2, and hence 5 = |6 + ¢|, which gives ¢ = —1 or ¢ = —11.
We would like to show that the desired value is ¢ = —1, and that ¢ = —11 does not work.

Vida? —br+4 <20 —1] <= 0<42? —52+4< (22— 1)

The left inequality can be simplified as

5\> 39
O§4x2—5x+4:(2x—4) + 15

and hence is always true.

The right inequality can be simplified as

4o? — 5x +4 < (20 — 1)?
4o® —br +4 < 4da? — 4o+ 1
T >3,

and hence the solution set to the whole inequality is x > 3 as desired.

On the other hand, for the case of ¢ = —11, we have

Va2 — b +4 < |20 — 11| <= 0<42? — 5z +4 < (20 — 11)2,
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and the left inequality is always true by previously. However, the right inequality simplifies as

4o? —5x 44 < (2¢ — 11)?
4a* — 5x +4 < 42 — 44z + 121
39z < 117
x <3,

and the inequality is in the wrong direction.

Hence, a possible value of m is 2, and the corresponding value of ¢ is —1.

4. The diagram as follows shows the only possibility of the configuration.

Y
y=l|z®+pz+q
Yy =mx—+c
x
-5 O 1 5 7
Hence, we must have 22 + pzr 4+ ¢ = mz +c for x = —5 and z = 7, and 22 + pz + ¢ = —ma — ¢ for

z=1and x =5.
25—-95p+q=—-5Sm+c,

494+ Tp+qg=Tm+c,
l+p+q=—(m+oc),
25+ 5p+q=—(5m+c).

Subtracting the first equation from the final equation gives 10p = —2¢, and hence ¢ = —5p.

Subtracting the first equation from the second equation gives us 24 + 12p = 12m, and hence
m=2-+p.

Putting these into the third equation gives

q=-m—c—;—1
=—2+p)—(-5p) —p-1
=3p — 3.
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Putting all these into the final equation gives

25+ 5p+ (3p — 3) = — [5(2+ p) + (—5p)]
254+ 8p—3=—(10+5p — 5p)

22 +8p=—10
8p = —32
p= 747

and so ¢ = —15,m = —2, ¢ = 20. Hence,

(p,q,m,c) = (—4,—15,-2,20).
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2024.3 Question 3
1. (a) Notice that by partial fractions, we have
z+c 1—c ¢

x(x—l—l)_m—&—l_'_;

Hence, by differentiating, we have

, 1 1 1-c c
9@ = 1+1 <_J:2>+(x+1)2+1:2
1 1-c c

7a32+x+ (x+1)2+;

—x(x+1)+ (1 —c)z? + c(x + 1)2
(x+1)222

cx’ +2cx+c+a?—cax?—2?—x
(x4 1)%a2

(2c— 1)z +c

(w4 1)222

Given that ¢ > 1, and z > 0, we have 2c — 1 > 0, and (2¢ — 1)z > 0.

Hence, the numerator satisfies (2¢ — 1)z +¢ > ¢ > % > 0, and the denominator is always

positive since is a product of squares, and both squares are non-zero since z > 0.
We can now conclude that ¢’(z) > 0 given ¢ > 3 for 2 > 0, as desired.

(b) f0<c< 1, ¢'(z) <0 if and only if

(2c—1)z+c<0
(1-2c)x—c>0

(1-20)z>c
S c
x
1—2¢’
and the values of z are x > 5.
2. (a) Ife= % > %7 we can see that ¢ is always increasing.
As x — o0, 1(27—:01) —0,In(1+ 1) - 1Inl=0. Hence, g(z) — 0.

Since g is increasing it must stay entirely below the x-axis.
The sketch is as follows.

(b) If c =1 € [0,1), it must be the case that g/(z) >0 for 0 < z < T = 1 and ¢'(z) < 0 for
1
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Hence, z = % is a maximum on the graph, and the corresponding y-coordinate is g (%) =

In3 —1.
Similarly, as ¢ — oo, g(z) — 0.
The sketch is as follows.

(3,In3-1)

3. We have

f(x) is positive for > 0, and hence f’(x) takes the same sign as g(x).

a) If ¢ > 1 ¢ is increasing and has a limit of 0 at infinity. Hence, g(x) is negative for all 2 > 0,
2
which means f’(z) is negative for all 2 > 0, and hence f is decreasing.

(b) f0<e< %, g is negative first, then increases to a positive value, and remains positive and
approaches 0 decreasing from above. Hence, f’ is first positive and then negative, so f must
have a turning point.

(¢) If ¢=0,
(z) = —x _ 1
g\& = (r+1)222 (z+1)%
is always negative, and lim,_,q+ ¢'(x) = —o0, lim,_,+ ¢'(x) = 0.
We have
(x)=In{1+ ! !
z)=1In —) - .
I T rz+1
Asxz — 0T, % — 00, 80 In (1 + %) — 00, and fﬁ — f% = —1. Hence, g(x) — oo.

As z — o0, g(x) — 0.
Since g is decreasing, it must be the case that g is always positive.
This means that f’ is always positive as well, and hence f is increasing.
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2024.3 Question 4

1. The angle between a line with gradient m and the positive xz-axis is arctan m. Hence, we must have

s
arctanmy — arctanmsog = & —

4
s
tan (arctan m; — arctan mg) = tan (i1>
T me +1,
1 + mimeo
as desired.
2. We have y = %, and hence % = 5. Hence, the tangent to the point (p, %) is given by

y—ﬁ=£(x—p)
4a 2a
day — p* = 2p(z — p)

day = 2pz — p?,

2

with gradient i—g = 5=, and the tangent to the point (q, g) is given by 4ay = 2qx + ¢2, with

gradient L.
Hence, when they intersect, it must be the case that
2px — p* = 2qz — ¢°
200 —qlr=p* — ¢*
20-q)zr=({@+a(p—0q
e
2
since p # q.
The y-coordinate is given by

2px — p?
Yy=—

4a
_ P’ +pg—p?
4a
_m
4a’
If the two curves meet at 7, the gradients must satisfy that
p q

2a 2a
22 % _— 4
14525

2a(p—q) _
4a® + pq
2a(p—q) =% (4a2 +pq)
4a*(p — q)* = (4a® + pg)?
4ap? — 8a’pq + 4a*¢® = 16a* + 8a’pq + p°¢®
p?¢% + 16a’pg + 16a* — 4a*p* — 4a%¢* = 0.

For the intersection of the two tangents, we consider (y + 3a)? — (8a® + z2).

(y 4 3a)? — (8a® 4 %) = y? + 6ay + 9a* — 8a® — 2°

=y% + 6ay — 2% + a®

2.2 2
_Pq +6a.pq_(p+Q) Ll

16a2 4a 2
_ ¢ 3pq (pte? | o
16a2 " 2 4 '
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We have the following being equivalent:

(y + 3a)? = 8a* + 2*
2 2

¢ 3pg (p+a)? |
- = O

16a2 2 ;  te
p2¢* + 3pq - 8a® — (p+ q)* - 4a® + a® - 166 = 0
p2¢* + 24pqga® — 4a®p® — 4a*¢® — 8pga® + 16a* =0

2¢% + 16a*pq + 16a* — 4a®p® — 4a*¢®> = 0,

which was true due to the tangents intersecting at 7.
Hence, we must have the intersection of two tangents lie on (y + 3a)? = 8a® + 22, which finishes

our proof.

3. Let 6 be this acute angle, and from the previous part, we can see that

4a®(p — q)® = tan® 0(4a® + pq)?
4a%p® — 8a%pq + 4a*¢® = tan® 016a* + tan? A8a>pq + tan? Op?¢>
20,2 2 2 2 2 4 _ 422 2 2
tan® Op~q” + 8(tan” 0 + 1)a“pq + tan” 016a” = 4a“p~ + 4da“q

Given (y + 7a)? = 48a? + 32 for the intersection of the two tangents, we have

(y + 7a)® — (48a* + 3z

) =
<%+7a> (48a 43 p+q )

2 2 2

e’ | Tpg 2 2 3(p+9)° _
— +49a” — 48a
622t 1

p2q® 4 8a* - Tpg + 16a* — 3(p+ ¢)? - 4a®> =0

p>q® + 56pga® + 16a* — 12p2a® — 12¢%a® — 24pga® = 0

p2¢% + 32pga® + 16a* — 12p?a® — 12¢%a® = 0

p2¢* + 32pqa® + 16a* — 3 (tan2 0p*q® + 8(tan” 6 + 1)a*pq + 16 tan? 9a4) =0

(1 —3tan? 0)p*¢® + 8(1 — 3tan? O)pga® + 16(1 — 3tan®H)a* =0

(1 — 3tan?6) []92(12 + 8pga® + 16a4] =0

(1 — 3tan?0)(pq + 4a*)* = 0.

Hence, either pg + 4a® = 0, or 1 — 3tan?6 = 0. The former cannot always the case. Therefore,
1 — 3tan? 6 = 0, which gives tanf = :I:ﬁ.

Since 6 is acute, we have tan§ = %, and hence 6 = % is the acute angle between the two tangents.
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2024.3 Question 5
1. Let

_fa b (e f
M=l a) = 1)

trM=a+d,trN =e+ h.

and hence we have

Notice that
__ (ae+bg af +bh _(ae+cf be+df
MN_(ce+dg chrdh)’NM_(angch bg+dh)’

which means
tr(MN) = ae + bg + cf + dh,tr(NM) = ae + cf + bg + dh,

and hence tr(MN) = tr(NM) as desired.
We also have
wen- (112 421)
meaning tr( M+ N)=a+e+d+h=(a+d)+ (e+h)=trM+trN.
2. We have det M = ad — bc, and hence

gdetM:dd—i—ad—i)c—bé.
dt
Hence,
1 ) .. )
LHS = T bd (ad—l—ad—bc—bc).

On the other hand,

dM a b 1 d —b
= ) oML =
dt <é d> ’ ad — bc (—C a ) ’

and hence
dM 1 d —b\ [(a b
M 1=== .
dt ad — bc (—C a) (c' d)
1 ad —bé  bd —bd
" ad—bc \—ac+aéc —bc+ad)’
Hence,
RHS = tr (M_ldlw)
dt
1 . .
- (dd—bé—bc+ad)
- dl - (ad+ad—bc'—bc)
ad — be
= LHS,
as desired.

3. det M # 0 since M is non-singular, and hence left-multiplying by M~ on both sides gives us

dM
M*lﬁ =N - M 'NM.
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Taking trace on both sides, we have
deth % det M = tr <M1ddl>/1>
=tr (N - M~'NM)
= trN — tr (M~ 'NM)
=trN —tr ((M™'N) M)
=trN—tr (M (M~'N))
=trN—tr (MM ')N)

=tr N — tr (IN)
=trN —trN
=0.
Hence, % det M = 0, which means det M is a constant independent of t.
Directly taking trace on both sides, we have
M
tr dd—t = tr(MN — NM)
= tr(MN) — tr(NM)
— ()7
and note M d
—=—trM
a ar e
and hence d
—trM =0
ar ’

meaning tr M is a constant independent of ¢.
Notice that

tr(M2):tr a b a b =a®+ be+ be+ d? = a® + 2bc + d2.
c d c d

Since tr M and det M are both independent of ¢, we must have
(trM)? — 2det M = (a + d)* — 2(ad — bc)
= a® + 2ad + d* — 2ad + 2bc
=a? + 2bc + d?
=tr (MQ)
is independent of ¢ as well.
Let

_(A+x b
M_< c D—x)’

the diagonal ones being so since the trace is independent of ¢. Here, x is a function of .

M _ (i
dt — \¢ —-i)’
and the right-hand side satisfies

o (127 ) ()0
_(HA+2) (A+a)t+bt\  (H(A+z)+ct bt+tD—x)
( ct ct+(D—x)t> ( ct t(D — ) )

_ <—Oct (A— lc)t'+ Qas)t)

By differentiating,
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Comparing the components, we see that ¢ = 0, meaning that c is a constant: ¢ = C.

_ci?

>, since z = 0 when ¢ = 0.

Hence, © = —C't, which solves to x =
This means _
b= (A—D+2x)t=(A—D—Ct*),

and hence A_De o
- t t
b:(%_TJFB

since b = B when ¢t = 0.

Hence,

A-Ct/2 (A-D)t*/2 - Ct*/4
M_< C/ ( D)—I—étQ/Q /)

is the solution given the conditions.

4. By rearranging, we have

N-M M
dt
Hence, let ,
M — <1+e 1_€t>’
we have
trM =2
which is non-zero and independent of ¢.
Hence, . )
M_lzﬁ <16 1+et>’ddl\t/[: (e et)’
SO

1 1—et et
AR 1 G | Q)

1 <et(1 ) —e!(1 +et>> ’

Tl

which gives
2t

trN = o]

which is clearly non-zero.
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2024.3 Question 6
1. (a) We have

de —y dr dy

de dt de
=(—z+3y+u)—(z+y+u)
=2z +2y
=—2(z —y).

This is a differential equation for  — y in terms of ¢, and hence it solves to
r—y=Ae .

If x = y = 0 for some ¢ > 0, then it must be the case that A =0, giving z —y =0, and z = y.
Therefore, for ¢ = 0, we must also necessarily have zg = yp.

(b) Given that z¢ = yo, we must have x = y for all ¢ > 0. Hence,

dx

Ez—x—i—?’x—&—u
d
d—§:2m+u
d
T at
2 +u
In]2x +u| =2t+C
2 4+ u = Ae?.

Since at t = 0, x = xg, we must have A = 2x¢ + u, and hence
22 +u = (2xo + u)e*,

and rearranging gives

2(xpe?t — x)

1—e2t

The particle is at origin at time ¢t =T > 0, and hence x =y = 0 for t = T, and hence

20T

Y= 1 et

This ensures the particle is at origin as well since this ensures the particle is at x = 0 for
t=T,and y =2 so y =0 as well.

2. (a) Counsider i—f + % — 2%’, and we have

dx+zf2y_@ %_2%
dt dt  dt dt
=My—5z+u)+ (r—2y+u)—2(x—2z+u)
=4dy—bz+ut+x—2y+u—2r+4z—2u
= —x — z + 2y,

and hence
r+z2—2y=Ae ",

Since the particle is at the origin at some time ¢ > 0, we must have A = 0, and hence
r+2z—-2y=0,
T+

2

At time t = 0, yo = %020 and so yg is the mean of =g and z.
y Yl 2

which means y = ££ for all time t.
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(b)

Since 2y = x + z, we must have

d
d;::2(;c+z)—5z+u:2x—3z+u,
and

dz

a:x—(sc—i—z)—l—u:—z—i—u.

: : dzx dz
Hence, considering 7 — 37, we have

dx—z_dx dz

dt  dt  dt
=2z-324+u)— (—z+u)
=2(z — 2),

which gives
r—z= Ae*.

Since the particle is at the origin for some ¢ > 0, we must have A = 0. This means x = z for
all t, and further we have x = y = z for all ¢ since 2y = x + z.
At t = 0, this means z¢g = yo = 2 as desired.

Given that x¢o = yg = zp, all previous parts still apply, since the boundary condition of
2y =x + z and x = z holds for ¢t = 0. Hence, x = y = z for all ¢, and

v _ .5
dt— X u
d

Yot
r—Uu

Injz —u|=—-t+C

x—u= Ae "

At t =0, x = 2g, we must have A = zg — u, and hence

r—u=(xo—ue "

and rearranging gives

roe b —x

1—et

The particle is at origin at a time ¢ =T > 0, and hence x =y = z = 0 for t = T, and hence

acoe_T Xo

T 1_eT 14+ €T’

u

This ensures the particle is at origin as well since this ensures the particle is at x = 0 for
t=T,andx=y=2,s0y =2=0 as well.
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2024.3 Question 7

1. For the left inequality, f(n) > 0 since f(n) > n%_l > 0.

For the right inequality, we notice that

f(n) ! + ! + ! +
n)= o
n+l (n+1)n+2) n+1)n+2)(n+3)
< ! + ! + ! +
n+l (n+1)2 (n+1)3
! 1
n+1 1—n}r1
_ 1
C (n+1)—-1
1
=
Hence,
1
0< < —.
OR

2. For the left inequality, by grouping consecutive terms, we have

1 1

n+1 (n+1)(n+2)
1 1

T I Dm+rm+3) it D+ 2)n 1) n+a)

g(n) =

:<n—1kl_(n+1)1(n+2)>
1 1

* ((n+1)(n+2)(n+3) - (n+1)<n+2)(n+3)(n+4)) o

S 1 1
n—1 n+1

1 1
+((n—l—1)(71—&—2)(71—1—3) B (n+1)(n+2)(n+3)>+“.
=0+0+---
=0,
using the inequality
1 1
Mt (ntk) (tl)  mtk)ntkil)

Eason Shao
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For the right inequality, by grouping consecutive after the first one, we have

1 1 1

g(n):n—l—l_(n—|—1)(n—|—2)+(n—|—1)(n—|—2)(n+3)
1
a n+1(n+2 n+3)(n+4) (n+1)(n+2)(n+3)(n+4)(n+5)_
1
:n—i-l (n+1) n+2 (n+1)(n+2)(n—|—3)>
1
<(n )(n+2( )n+4)(n+1)(n+2)(n+3)(n+4)(n+5))
1 1
Sarl ((n+1)(n+2)_(n+l)(n+2))

1 1
B <(n+ Din+2)(n+3)(n+4) (n+ 1)(n+2)(n+3)(n+4)) B

1
= —O—O—...

using the inequality
1 < 1
m+1)--(n+k—1)n+k) m+1)--(n+k-—-1)

Hence,
1
0< < —.
g(n) <

3. The infinite series for e is given by
o0
1
e=D
t=0

and notice that

= nl >, 1
f(”)zz(n+t)! :n'zm'

t=1 t=1
Hence,
(2n)le — f(2n) = (2n)!i 1 (2n)! 3 _r
t! (2n +1)!
t=0 t=1
— 1 — 1
~en (i 3 4
t=0 t=2n+1
2n 1
=@y
t=0
B 2n (271)'
= —
P t!

Since ¢ < 2n, the terms in the sum represents the number of ways to arrange (2n — t) items out of
2n items, which must be integers. Hence, the sum is an integer as well.

Similarly, the infinite series for e~! is given by

and notice that
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Hence,

and by the same argument, since ¢ < 2n, this must be an integer as well.
4. By the previous part, let a(n) = f(2n) — (2n)le, and b(n) = g(2n) + @, we must have that
a,b: N — Z since they are integers.

Using this notation,

qf(2n) + pg(2n) = qa(2n) + qe(2n)! + pb(2n)

- §(2n)!

= qa(2n) + pb(2n) + (qe — g) (2n)!
= ga(2n) + pb(2n)
must be an integer, since p, g, a(2n),b(2n) are all integers.

5. Assume B.W.0O.C. that e? is irrational. Then there exists natural numbers p, ¢ such that

2=L — g="L
e

q
Since e2 > 1, p > q.
On one hand, we have ¢f(2n) + pg(2n) > 0.
On the other hand, let n = p,

1 1
qf(2n) + pg(2n) <q-%+p~ 21
1 1
<q~%+p~%
_pty
2p
2p
2p
=1.

This means
0 < qf(2p) +pg(2p) < 1.

But by the previous part, ¢f(2n) + pg(2n) is an integer for all positive integer n, and n = p is a
positive integer. This leads to a contradiction.

Hence, such p and g does not exist, meaning e? is not rational, hence e? is irrational.
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2024.3 Question 8

1. (y—2+3)(y+x—5)=0ifandonlyif y—x+3 =0, 0or y+x—5=0. In the first case, y = . — 3,
representing a straight line with gradient 1, and in the second case, y = —x + 5, representing a
straight line with gradient —1.

The equation represents a pair of straight lines with gradients 1 and —1 if and only if it could be
factorised into the form (y — x + a)(y + = — b).

(y—z+a)y+z+b) =y*+ay+by —xy— x> —bxr+ay+azx +ab
=y — 2%+ (a+b)y + (a — b)x + ab,

and p=a+0b,q=a—b,r=ab.
On one hand, if it could be factorised into this form, we have

p? —¢* = (a+0b)*— (a—b)?=a®+2ab+b* — a® + 2ab — b* = 4ab = 4r.

On the other hand, let a = pT'W, b= 251, and we have

ptap—q _p’—¢ 4r
2 2 4 4

at+b=p,a—b=gq,ab=

This shows that this is a necessary and sufficient condition, which finishes our proof.

2. Since the point (z,y) lies on C1, we must have y = 22, and y — 2% = 0.
Since it lies on Cy, we must have z = y? + 2sy + s(s + 1), and y? + 2sy + s(s + 1) — x.

Hence,

LHS = y? +2sy + s(s + 1) — x + k(y — 2?)
=0+k-0
=0
= RHS

for any real number k.

Let k = 1, by rearranging, we have
v -2+ (2s+ 1Dy —x+s(s+1)=0.
We notice that

(25 4+ 1) = (=1)> =45 +4s+1—1
=45 +4s
=4s(s+1),

which means that this represents a pair of straight lines with gradients 1 and —1. The four points
of intersection must lie on them.

(25+1)—1 (2s+1)—(
2 2

3. By part (ii), we have a = =s,and b= =1 — 54 1. This means

(y—r+s)ly+r+s+1)=0,

and the linesarey=r—sandy=—z —s— 1.

Since a straight line may at most meet a polynomial twice, we must have y = x — s meets y = x>

at two distinct point, and y = —x — s — 1 meets y = 2 at two distinct points as well.
2?=x-—5 < 22— +s5=0, and hence 1 — 4s > 0, which shows that s < i.
2’ ——x—s—1 <= 22+ 2+ (s+1) =0, and hence 1 — 4(s + 1) > 0, which shows that s < —32.

Hence, s < f%.
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4. The lines are y =z —s and y = —z — s — 1. Since s < —%, both lines intersect y = 22 on precisely
two points, since the discriminant for the quadratic is positive. Hence, we just have to show that
none of those four points are the same.

This could only be the case of the intersection of the intersection of the two lines, which is

(—%, —%) This lies on y = 2?2 if and only if
2541 _ ( 1\" _ 11, .3
2\ 2 T2 Ty

which is not the case here.

Hence, C; and C5 must intersect at four distinct points.
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2024.3 Question 11
1. We notice that

LHS = r (2")
.

(2n)!
T r@2n =)
B (2n)!
(=120 —1)
and
2n
RHS = (2n—|—1—r)<2n+1_r>
B (2n)!
= @A l=n) e 1)
B (2n)!
C(r=D!2n -7
Hence,
7’<2:) = (2n+1 ﬂ(?nf?—T)
as desired.

Summing this from r = n + 1 to 2n, we have

> (7)= Seron(, )

r=n+1 r=n+1
:zn:(zn+1_(2n+1—7«)) 2n
— 2n+1—02n+1-7r)
(%)
->(%)
r=1 r
and hence
2n <2n> 2n (2n>
R
= r r=1 r
- 2n 2n 2n
=)+ 2 (M)
r=1 r=n+1
2n 2n
2n 2n
- ()2 A7)
r=n+1 r=n+1
2n m,
=2
> ()
r=n+1
as desired.
2. For n +1 <z < 2n, we have
2n
PX=2x2)=2 (z)

For x = n, we have
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We have n < X < 2n, and hence

E(X)=) 2P(X =x)

n(zg) 9 X 2n
o +2E Z x(x

r=n-+1

2n 2n
- ”2(27;1) +27 Ny (i")

r=0
2n
_ TL2(27;L) + 272”’(271)22“71
n(5)
=n+ 2271,

as desired.

3. First, we have that
1 [2n <0
22n \ n

Taking the ratio of two consecutive terms, we have

for all positive integers n.

2 (%) 2n+2 G0y
1 (2(n+1)) - 92n (2n+2)!
22(n+D) \ n41 (n+1)(n+1)!

(n+1)2

(2n+2)(2n+1)"

We have that the following are equivalent:

1 (2n 1 [2(n+1)
2\ n )~ e\ ng1

7 ()
1 2(n+1)
57075 (1)

4(n +1)2
(2n+2)(2n+1)
4n® + 8n +4 > 4n® 4+ 6n + 2
2n+2>0

>1

and this obviously true for all positive integers n.

. 2 .
This means that 2% (7_?) decreases as n increases.

4. The winning is given by X — n, and hence the expected winnings per pound is 2%” (2"). This is

maximised when n = 1 which gives a value of %

n
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2024.3 Question 12

1. For1 <r < \/i, the diagram looks as follows.

The angle between the (shallower) radius which just intersects the square and z axis is given by

arccos %, and so is the one steeper and the y-axis.

Hence, the cumulative distribution function is given by

P(R<7) = shadei(i area
= shaded area

r

2
mr 9

1
r2 —1+ — — rarccos —,
4 r

as desired.

For 0 < r <1, the diagram is as follows.

1 1 1
2 (T garccos = ) 422121
2 2 2

Eason Shao

Page 428 of 430



STEP Project Year 2024 Paper 3

Y
1
-
x
0] 1
Hence,
7r?
P(R < r) = shaded area = -
Hence, the cumulative distribution function is given by
0, r <0,
2
- 0<r<1
P(R<r)= 4 - ’
(B<r) \/7’271+’TTT27r2arccos%, 1<r<2,
1, 2<r.

2. Let f be the probability density function of R. Hence, by differentiating, for 0 < r < /2, it is

given by
£r) = - P(R < 1)
r)—=— T
dr -
r 0<r<1,
= ﬁ—&-%—%arccos%—ﬁ, 1<r<v2,
N 0<r<1,
- %—QTarccos%, 1<r<+V2
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Hence, the expectation is given by

E(R):/Olr-ﬂ;

_/ﬁW
0 2

V2

1

dr + / r- [W — 2r arccos } dr
1 2 r

V2 1
dr — 2/ r2 arccos = dr
1 T

|:7T’I“3:|\/§ 2 /‘/§ 1.,
=|— - = arccos — dr
6 0 3 1 T
221 2 1 Y2 2 /ﬂ ; 1
= — — |arccos — - + - r° d arccos —
6 3 T 1 3 1 T
V2
2 2 1 2 2 1 1
= \[SW—3-arccos\/§~2\/§—|—3-arccosl-l—i—s./1 re. <_r2> . _1_7(1)2 dr
Vor 2 0« V2 r
= — — == 2V2+ = d
3 34\[+317’r2_1r
V2r 2r 2 /\/5 r2 d
=—-—-——F+3 r
3 3 31 r2 —1
2 /\/5 7,2 4
= — ——dr,
31 Vr2-1
as desired.
3. To integrate this, we let » = cosht¢, and hence % = sinht. When r = 1, t = 0. When r = /2,
f—n <\/§+\/\/§2—1> n(v3+ 1),
Hence,
V2 2
2
E(R) = f/ L dr
31 r2—1
9 In(v2+1) h2
:f/ o8 t-smhtdt
3 0 S. t
9 In(v2+1)
= f/ cosh? ¢ dt
3 Jo
2 /111(\/§+1) €2t 4 =2t 4 9 ”
3 /o 4
1 _op7In(v/241) 1 V2
= e ey Lpgnesae
1 1
SETh [(\/§+ 12— (V2+1)72 -0+ e‘“] +3 <1n(\/§+ 1) — 0)
1 1
-3 [2+1+2\/§—(\/§—1)2} +3(V2+1)
1 1
= 5.4\/§+§1n(\/§+1)
1
=3 (\/§+ln(\/§+1)),
as desired.
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