STEP Project

Year 2018 Paper 2

2018 Paper 2

2018.2.1  Question 1| . . . . . . o L 217
2018.2.2  Question 2| . . . . . .. 219
2018.2.3  Question 3| . . . . . ... e e 221
2018.2.4  Question 4] . . . . .. 223
2018.2.5  Question D] . . . ... e e 225
2018.2.6  Question 6] . . . . . . . .. e e e e 227
2018.2.7  Question 7| . . . . . .. e e e 228
2018.2.8  Question 8| . . . . . L e e 229
2018.2.12  Question 12| . . . . . . . L 231
2018.2.13  Question 13| . . . . . . . Lo 233

Eason Shao

Page 216 of 430



STEP Project

Year 2018 Paper 2

2018.2 Question 1

First, notice that x = 0 must not be a root to this quartic equation. Therefore, we can divide both sides

by 2, and the original equation is equivalent to

1 1
x2+2+a(z+)+b0,
T T

(x+i)2+a<x+;>+(b—2)=0.

11
k= — 4k =k —
=t + =

so if z = k satisfies this equation, then z = k! also satisfies this equation.

and this rearranges to

Notice that

Notice that the range of t = z 4+ 1 for non-zero real x is t € (—oo, —2] U [2, 00).

Since it is given that all the roots are real, it must be the case that the quadratic equation

t*+at+(b-2)=0

produces two real roots situated within (—oo, —2] U [2, 00).
Notice that for ¢ € (—oo, —2] U [2,00), the equation

1
r+—=t
x

has precisely two real roots for t # +2, and precisely one x = +1 for ¢t = £2.

1. In this case, by the previous analysis, the only possibility is that x1 = o = z3 = x4 = F1. This

means that

gt fard b’ +ar+ 1= (z+1)* =2 £423 + 62 £ 4o + 1,

and hence (a,b) = (£4,6).

2. Since there are exactly three distinct roots for =, this means that the one which repeated must be
1 = x9 = %1, which leads to t; = £2, and those two which does not leads to to # +2.

Putting ¢; = +2 into the quadratic equation in ¢, we have
44+2a+ (b—2) =0,

and hence
b= F2a—2,

precisely as desired.

3. When b = 2a — 2, we have
t? 4 at + (20 —4) =0,

which solves to t; = =2, t5 = —a + 2.
For = + % =t; = —2, this solves to 1 = x5 = —1.
For x + % =ty = —a + 2, this rearranges to

2+ (a—2)r+1=0,

and hence the two roots are

—(a-2)x+/(a—2?—-4 —a+2++va*—4a

T34= D - 2
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4. We first look at necessary condition. Given the equation has precisely two roots, we have b =
+2a — 2, and hence the quadratic equation in ¢ becomes

t? +at + (£2a — 4) = 0.
t1 = F2 must be a root, and notice that this factorises to
t2 fat+ (£2a —4) = (t+2)(t — (—a £ 2)),

and hence the other root is to = —a + 2.

As discussed before, we must have that to < —2 or t5 > 2 to produce two distinct roots for z, and

hence
—at+t2<—-2o0r —a£t2>2,
and hence
aF2>20raF2< -2,
and hence

a>2Fx2o0ra<—-2=£2.

Therefore, a necessary condition is b = £2a — 2, and a € (—o00, —2 £2) U (2 £ 2, 00).
We would like to show that this is a sufficient condition as well. If b = +2a — 2 and a €
(=00, —2 4 2) U (2 £ 2,00), we have the quadratic in ¢ simplifies to

t2 fat+ (£2a—4) = (t+2)(t — (—a£2)) =0.

This gives roots t; = F2 which in turn gives 1 = x2 = F1, and t3 = —a + 2. In the second case,
since
a€(—o00,—2+2)U(2+2,00),

we must have
aF2e€ (o0, —2)U(2,00)
and hence
—at2¢€ (—o00,—2)U(2,00).

This shows that there are two distinct xs corresponding to to, both of which are not equal to +1.

Hence, in this case, the original equation has 3 distinct roots precisely, and
b==42a—2,a € (—00,-2+2)U(2+2,00)

is a necessary and sufficient condition for the original equation to have precisely 3 distinct real
roots.

The following is to simplify this to what is written in the mark scheme. b = +2a — 2 is equivalent
to b+ 2 = +2a, and (b + 2)? = 4a?.

The second part is equivalent to a F 2 € (—o0, —2) U (2, 00), i.e.
(aF2)?=a’>Fda+4>4,

i.e.
a?>+4a=2+2a=20b+2)=2b+4,

precisely what is in the mark scheme.
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2018.2 Question 2

f(x2)

f(t.’L'l + (1 - t).%‘g)

S

t$1 + ( )1172

If f”(x) < 0, this means f/(z) is decreasing, i.e. the gradient of a tangent to the curve y = f(z) is
decreasing. Assume, B.W.O.C., that some f(x) satisfies this condition but is not convex. This means
that there exists some a < 1 < x5 < b and some 0 <t < 1 that

tf(w1) + (1 —=t)f(x2) > f(tzr + (1 —t)x2).

This means that some point on the chord connecting (z1, f(x1)) and (z2, f(z2)) is above the graph of
the function at that point with a-coordinate txy + (1 — t)z. Hence, the gradient of that function must
be less than the gradient of the chord at that point, and since f”(x) < 0, the function must continue to
have a gradient of less than this, and hence cannot pass through (3, f(x2)).

Hence, this triple of (1, z2,t) does not exist, and the function f must be concave on (a,b).

1. Let 1 = 2“% and x9 = “+2“’ ,and let t = f. We can see that a < x1,29 < b and hence we have

3@+ 3 Ga) < £ (Gt g )

<2u+v) 1 <v+2w)§f<u+v+w)'
2 3

2

3

We have

which gives

Let x1 =u and zo = v, and let t =

3+ 350 < £ (2570,

3
and let 1 = w, o = v, and let t = %, we have
2 1 2w+wv
3w+ 30 < (257
Hence,
u+v+w 1 2u+v 1 v+ 2w
() e () v (55
>3- 20w+ 1)+ 5 2w+ 370
= 2 F() + F0) + Fw)],

which shows exactly what is desired.
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2. Let a=0and b=, and let f(z) = sinz. We aim to show that f is concave, and notice that
' (x) = —sinz <0

for all 0 < z < 7, so it is concave on (0, ).
Angles in a triangle lie within (0, ), and they must sum up to w. Hence, by applying the previous
part, we have

sin A 4+ sin B 4+ sin C < 3sin <A+§+C) = 3sin (g) = %7

as desired.

3. We keep a =0 and b = 7, and let f(z) = lnsinz. Note that

and hence

which shows that f is concave on (0, 7).

Hence,

In(sin Asin BsinC') = Insin A + Insin B + Insin C

A+B+C>

< 3lnsi
< nsm< 3

= 31Insin (g)
:3111?

3v3
In T

Since In is a strictly increasing function, we can then conclude that

sin Asin Bsin C' < %,

as desired.
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2018.2 Question 3
1. Notice that

8602 T

T = vy

1
cos? z (1 + tan z)?
1
(sinz + cosz)?
1

sin® x + cos?2 z + 2sinz cos
1

_1—|—Sin2a:7

as desired.

Since 0 < z < %ﬂ', 0 < 2x <, and hence 0 < sin2zx < 1.
: / 1

This means that —1 < f/(z) < —3.

sin 2z increases on (O, g) and decreases on (g, g)

Hence, the graph must look as follows.

Y

IE]

2. If y = g(z) has rotational symmetry about (a,b), then this means if point (a 4+ x,b + y) is on the
graph, then the point (a — z,b — y) is on the graph as well.
This means that g(a + z) + g(a —x) = (b+y) + (b — y) = 2b, and setting 2’ = a + x gives
g(2") + g(2a — 2’) = 2b gives precisely what is desired.
On the other hand, if for all =, g(x) + ¢g(2a — x) = 2b, then points (z, g(x)) and (2a — z, g(2a — z))
on the graph, have midpoint

<x+ (22a—$)7 g(z) +92(2“_x)) = (a,b)

is the desired centre of symmetry. This means each point on the graph corresponds to another
point on the graph when mirrored through the desired centre of symmetry, showing it has rotational
symmetry of order 2 about that point, precisely as desired.

The integral evaluates to zero.
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3. We would like to show that this function has rotational symmetry about the point (27 %) Notice

that
1 1
yla + y|2'%_’” T 1ttanfz * 1 + tan® (g —x)
1 1
- 1+tankm+ 1+ cot®
_ 1 tan®
 l+tanfz  tanfz +1
_ 1+ tan®
1+ tanfz
=1
oL

which shows the rotational symmetry.

o
—dx = x + x
_/;ﬁ 1+ tan® /; Yla /;W Yla

6

Hence,
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2018.2 Question 4
1. By the identity, we have

5 3
cosx + cosdx = 2 cos §x cos Qx,

and

5 1
cos 2z + cos 3x = 2 cos 595 Ccos im

Hence, we have

5 3 1
cosx + 3cos2x + 3cos3x = 2cos im <cos 2x+36082x> =0.

Hence, either
5
cos —z =0,
2
or

3 1
CcOoS 5;1: + 3 cos ix =0.

In the first case, we have gx = %7‘( + kr for k € Z, and hence

1+ 2k
T = T
5
Since 0 < z < 27, we have
0< 1+52k <9

and hence
0 <142k <10,
giving k =0, 1,2, 3,4. Hence, the solutions are
1 3 7 9

rT=-mMr=_—mMTr=T,=_-T,T= —T.

5 5 5 5
In the second case, notice that
cos 3t = cos(2t + t)
= cos2tcost —sin2tsint
= (cos?t —sin?t) cost — 2sin® t cost
= cos®t — 3sin® cost.

Hence,

1 1 1 1
3§x—351n2 §mcos§x+3(:os§m: 0,

3 1
cos ix—i—?)cos ix =0 <= cos
and using the identity sin® ¢ 4+ cos®t = 1, this simplifies to

1 1
cos® —x + 3cos® =z =0,

2 2
which is 1
cos ix =0.
This gives
1 T Yk
o=
2t T T
for k € Z, and hence
x = (14 2k)m.

Since 0 < x < 27, the only k valid is k£ = 0, and this solves to x = 7.

Hence, all the solutions to this equation is
T € 171' §7r 7 z7r 97‘(‘
57577575 |
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2. Using the given identity, we have

cos(z + y) + cos(x — y) = 2cosx cos y.

Hence, the original equation simplifies to

2cosxcosy — cos2x = 1.

Using the identity cos2x = 2 cos? z — 1, and this gives
2cosxcosy — (2cos’x — 1) =1,

and hence
2cosxcosy — 2cos’ x = 0,

which means
cosz(cosy —cosz) =0,

and hence cosx = 0 or cosy — cosx = 0.

The first one gives us x = 7 in the range = € [0, 7].

Since cos is one-to-one when restricted to [0, 7], the second one is equivalent to cosy = cosz which

is equivalent to x = y.
The specific value is z = 7.

3. Using the identity given, we have

cosT + cosy = 2cos

and L
x
cos(z 4 y) = 2 cos? Ty

Let u = % and v = 5%, We have 0 < u < 7 and —F < v < 7, and the original equation
simplifies to

2cosucosv — 2cos’u+ 1=

bl

and hence
4cosucosv —4Acos®u+2 =3,

and
4cos’u —4cosucosv+1=0.

Since 1 = cos? v + sin? v, we have

2

4cos®u — 4dcosucosv + cos? v = —sinzv,

and hence

2 2

(2cosu — cosv)” = —sin” v.

The left-hand side is non-negative, and the right-hand side is non-positive. Hence, the only way
for the equal sign to take place is when both sides are zero, which is

2cosu = cosv,sinv = 0.

Within this range of v, the only case where sinv = 0 is when v = 0, and hence 2cosu = 1,
cosu = %, leading to u = %.
Hence, x =u+v = %, and y = u — v = %, and the only solution is

o= (53)
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2018.2 Question 5

1. For |z| < 1, we have
o0

1
- 11— 2_ 34 = —r)t.
T2 x4 —ax°+ tE:O( x)

1

Since In(1 + ) differentiates to 1,

by integration, we have

Let £ = 0, and we see In(1 +z) =In1 = 0, and the sum on the right-hand side evaluates to 0, and
hence C' = 0. This gives the Maclaurin expansion for In(1 + z)

In(l+z)=- Z (—tx)t.

~+
—

2. We have

and hence

X
oo S ( ax e T
_ t=1 t! dz
0 :L’
e o t —x
—(—ax) e
= E / ( ') dz
0 t'x

We aim to find an expression for
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Using integration by parts, we have

It:/ zte % dx
0

and further noticing that

we can see

and hence

precisely as desired.
3. Using a substitution z = ¢™%, when x = 1, v = 0, and when z — 0%, u — co. Also,

@,
du ’

and hence

o Inev
0 (e7"P — e U)o
/ du
o U
[e'S) —up _ ,—uq —u
- [lmemras e,
0 u
oo _ = up\ ,—u e} _ ,—ugq —u
:/ (I—e"P)e du—/ (I—e™)e du
0 u 0 u
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2018.2 Question 6
1. Notice that forn >5,n!l=5-41-6-7---n, and n! =5k for k =4!-6-7---n > 1 is an integer.

Therefore,
n!+5=5k+5=5(k+1)
is a multiple of two integers greater than 1, and hence p cannot be prime.
Hence, n < 5.
If n =1, n! +5 = 6 is not prime.
If n =2, nl4+5="7is prime. (n,p) = (2,7) is a solution.
If n =3, nl 4+ 5 =11 is prime. (n,p) = (3,11) is a solution.
If n =4, n!+5 =29 is prime. (n,p) = (4,29) is a solution.
Therefore, all solutions are (n,p) = (2,7),(3,11) and (4, 29).
2. If n > 7, then we have
ml=1x3x - x (2n—1)! > (4n)!
and hence m > 4n.

Let p be some prime number between 2n and 4n. Therefore, m! must include p as one of its terms,
and p | m! = RHS.

However, on the left-hand side, all the terms are less than p, and since p is a prime, it must not

divide any term in the left-hand side factorial expansion (since every term in the expansion is less
than p), and hence p { LHS.

But since LHS = RHS this is impossible, and we can deduce that n < 7.

e n=1LHS=1!=1and (n,m) = (1,1) is a solution.

e n=2 LHS=1!-3!=3!and (n,m) = (2,3) is a solution.

e n=3 LHS=1!-3!-5!=6-5!=6! and (n,m) = (3,6) is a solution.

n=4,LHS =11-31.5!. 71 =61. Tl = 716! = 7!-(3-2-5-4-3-2) = 7! (2-4)- (3-3) - (2-5) = 10!
and (n,m) = (4,10) is a solution.

n=25 LHS=1!-3-5!-71-91 =10!- 9! > 10!, so if m exists, m > 10 and m > 11. Then
11 | RHS = LHS, but this is impossible since 11 > 9, so such m does not exist.

e n=06,LHS=1!-3!-5!.7.9!. 111 = 10!-9!- 11! = 11!-9!- 10! = 12!-10!-(9-8-7-5-4-3) > 12!, so
if m exists, m > 12 and m > 13. Then 13 | RHS = LHS, but this is impossible since 13 > 11,
and so such m does not exist.

Hence, the only possible solutions are

(n,m) € {(1,1),(2,3),(3,6), (4,10)}.
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2018.2 Question 7
Since |M Q| = p|@QB|, we must have | MQ| = ﬁ|MB|, and hence

_
m_mm,

and hence u
—-m=——(b—-m
q T ( )
Similarly,
—n= v (a—mn)
a 1+v

Since q = q, we have

which rearranges to give
1 1 v "

m — n= a—
14+ 14+v 1+v 14+
Since m is a scalar multiple of a as M is on the side OA, and n is a scalar multiple of b similarly,
and a and b are linearly independent since OAB forms a triangle, we can conclude that

14+ p v
m=——
1 1+v "’
and hence
_ A+pr
14w
Similarly,
1
_ A+vpu,
1+p

Since L lies on OB with |OL| = A\|OB]|, then we have

1= \b,
and hence )
ML —=1-m=xb_ LTWY,
14+v
Since )
m:n_a:wb_
1+p

ML is parallel to ﬁ means that the corresponding scalar vectors for a and b are in ratio (since
they are linearly independent), and hence

Q+vp (A +pr
A'71+,i —( T )-( 1),

and hence ) )
yo Atpy A+v)p — .
1+v 1+p

The condition v < 1 ensured that L lies on OB between O and B (i.e. on the side OB).
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2018.2 Question 8

1. Since v = |/, we have y = v2, and hence

dy dv
= 9y
dt dt’
and hence the original equation reduces to
dv
20— =av — v2,
dt p
which gives
d
2d—: =a— fu.
Rearranging gives us
dv ~ dt
a—Bv 2’

and hence integrating both sides gives

1 1
3 In|a — Bo| = it +C.

Hence,
t
Inja — Bv| = —% +C,
and
t
a— v = Aexp (BQ) ,
and hence

which means

2. Let v = @y in this case, and hence y = v3, we have
dy odv
- =3 —,
dt dt
and hence the original equation reduces to
d
3v2d—: = av? — o3,
and hence d
3d—:: =a— fu.

Similar to before, this solves to

_1 B
'U—B [a—i—BeXp (—3)],

and hence ) 5
1
y=0v= E _a—i—BeXp <_§)] .
Since y = 0 when ¢t = 0, we have B = —a, and hence
ad [ Bt\1?
yo(t) = 7 _1 — exp <—3>] .
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3. Let a = 8 =+. We have

For t > 0, we have

vt vt
0>—%>——>—o0,
3 2 ~

and since the exponential function is strictly increasing, we have

t t
1> exp <—é> > exp (—é) > 0,
t t
1>1exp<’y2> >1exp(’;> > 0.

0= -o ()] > [t o ()] > [ (-2)] =t

which tells us that the graph of ys should lie below the graph of ;.

and hence

Hence,

Ast — oo,

and hence
y1(t),y2(t) — 17.

At t =0, y1(t) = y2(t) = 0, and hence by the original differential equation v} (¢) = y5(¢) = 0.

Hence, the graph looks as follows.

y
= x
R y yl()”y:1
Y =1y2(z)
T
0
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2018.2 Question 12

1. If h consecutive heads are thrown, then the person will earn £h, and the probability of this hap-
pening is p”.
If this did not happen, then the game must have already ended before reaching h heads (since there
must be a tail), and the person will earn nothing.

Hence, the expected earning is F(h) = hp", which gives

AN
B0 =

Notice that
E(h+1) (h+1)NMI/(N+DMH (h+1)N

E(h) hANh/(N + 1)k h(N +1)°
We have

E(h) B hN + h AN +h’
which shows that E(h + 1) > E(h) when h < N, and E(h + 1) < E(h) when h > N, and
E(h+1)=E(h) when h = N.
This means that F(h) will increase until h = N, where E(N) = E(N + 1), and decrease after
h=N+1.

This means the expected earnings can be maximised when h = N or h = N + 1, which shows when
h = N, the earnings is maximised.

E(h+1) 1 (hN + N) — (hN + h) N—h

2. There are two cases: either the person earns £h (when there are h heads thrown before the game
ends) with some probability (that we would like to find), or the game ends before there are h heads
thrown.

To find the probability in the first case, let there be ¢ cases where a tail appears, and there must be
h cases where a head appears. The final throw must be a head, and the tail must appear singularly
(which means any two consecutive tails must have a head in between), which shows that 0 < ¢ < h.

There are h — 1 heads that are free to 'move’, and ¢ tails have t — 1 gaps in between, which takes
away at least ¢ — 1 heads to separate them. The rest of the h — t heads are free to be within any
of the t 4+ 1 spaces that are separated by the t tails, which is equivalent of choosing ¢ to be heads
from a total (h — t) + t = h remaining throws.

Therefore, for each ¢, the number of arrangements there are is
h
t )

P (1-p).

and the probability of this happening is

Therefore, the probability desired is

h h
S (§)ra-pr =3 ()i = - = e

t=0 t=0

and the expected earnings in terms of h is

E(h):hph(2_p)h:h< N >h<N+2>h:hNh(N+2)h

N+1 N+1 (N +1)2h
as desired.
When N = 2,
h2hgh  p23h
Eh) = =5 = Zan-
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Notice that o
E(h+1) (h+1)23h+3/32h+2  8(h +1)

E(h) h23h 32h T on
and hence
E(h+1) | _8-h
E(h) = Ton
which shows that E(h+1) > E(h) when h < 8, and E(h+1) < E(h) when h > 8, and E(h+1) =
E(h) when h = 8.

This shows that E(8) = E(9) gives the maximum expected winnings, which is given by

8. 224 227
316~ 316"
Since logg 2 &~ 0.63, we have 2 ~ 363 and hence

927 3270.63
~ _ 3270.63-16 _ 31.01 3.

316 316

and this shows that the maximum value of expected winnings is approximately £3.
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2018.2 Question 13

This setup gives a Markov Chain. Let the column vector x,, represent a state

Xn = C )
n

and hence we have the components of the column vector must sum to 1. The initial state is defined by

Xo =

O OO

and the state transition matrix is

1/2 1/4 0 1/4 2 1 0 1
Mo |14 Y2 e 0| 12 10
o 174 12 14|20 1 2 1|’
1/4 0 1/4 1/2 101 2
which gives
Xpt1 = Mx,.
1. Notice that
21 0 1 1 2
111 2 1 0 0 111
xi=Mxo=214 1 9 1||o| =720l
1 01 2 0 1
and hence A = 3,B; = 1,01 =0,D1 = 1.
Also,
21 0 1 2 6 3
e ZM[t2zroof tfr) 14y 12
X=MX=7101 2 1| 2lo| w2 |1
1 0 1 2 1 4 2

and hence Ay = 3, By = 1,0y = £, Dy = 1.

2. We claim that B,, = D,, for all n by symmetry, and notice that

1 1 1

But1 =7 (A +2By+Cn) = 7+ (An+Ba+ O+ Du) = 7,

and . X 1
D1 = 7 (An+Cou+2Dy) = 7 (An + B+ 0o+ Dy) = 7,

sothatBn:Dn:%foralanI. (For n =0, B, = D,, =0).

Hence, for n > 1, we have

1 1 1 1 1
An+1 = Z(2An + B, +Dn) =7 <2An + 2) = §An + §7

1 1 1
An+1_4—2<An_4)a

which shows that A, — % is a geometric sequence with common ratio % The initial term of the
geometric sequence is A1 — % = i, and hence

which means
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which shows A,, = i + 27%% forn > 1.

Also, C,, has the same inductive relationship as A,,, the only difference being that the initial term
is C7 — i = —1 and hence

4

Hence, we have

Xn =

1 1

Cn—z :_W’

which shows C,, = % — 2"% for n > 1.

S

Ug}gs:ﬁ
—N—
1=
VO
o
~

n =0,

1 1011 1 1\T .
it 1 — g Z) , otherwise.
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