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2017.2 Question 1

1. Using integration by parts, we notice that
1
(n+ DI, =(n+ 1)/ 2" arctan x dz
0
1
= / arctan z dz" !
0

1
1
= [arctanx . :z:"“]o — / 2"t darctan z
0

n+1

1
:arctanl-1"+1—arctan0-0"+1—/ x 5 dz
o 1+
T 1 pntl 1
= - ——duz.
4 /O 14 22

Set n = 0, and we have

Io = (0 + 1)y
1
™ x
=—— d
1), T2
s 1 o\11
1
:%—§~[1112—1111]
_ T _In2
427

2. Using the result in the previous part,

1 n+3 1 n+1
w x 0 x
3)I N, =(-— d S = d
st e 0n = (5= [ B )+ (5= [ £ a)
T 1xn+1+xn+3
:f_/ Gl Ay
2 0 1+ 22
11.n+1 1+ 2
:W_/(w)w
2 0 1+x2
1
:f,/ 2" dg
2 0
m 1 ’I’L+21
=5 aa Tl
T 1
2 n+42
Letting n = 0, and we have
T 1
3+ 1lg=—-——-.
2 + 1o 5 5
Letting n = 2, and we have
T 1
5I4+3l=———.
4+ 312 5 1

Subtracting the first one from the second one, and hence

1
5[47]0 - Z

1754 4 2 )] 2020 10"
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3. Let n =1, and the statement says

[\
—

1 1
:A—— J— T*
2 (1)7"
r=1
1 1 1
—A‘z<‘1+2>
1
= A+

Comparing to the previous expression, we claim that

m In2
A=— — —,
4 2

This shows the base case for n = 1. For the induction step, we first introduce a lemma. Since

m 1 m 1
(n+5)nta+ (n+3)Ins2 = 5 PR

2 a4 (n+3)nt2 + (n+ 1)1 =

subtracting the second one from the first one will give us

1 1

Iyt — I, = .
(0 5) s = (0 D = —s = ——

Setting n = 4m, we have

1 1
4 1)+ 1)1 = (dm + D)1,y _
(4m + 1)+ Dlagmr) = (4m 4+ Dlam + 1 = o

:(4m—|—1)I4m—1-< 1 )

2\ 2m+1 " 2m+2

1 1
_ . _1 2m+1 _1 2m+27 .
2 [( ) DT

1

= (dm + 1)y, — -
(4m + 1)1y om+ 1

Now we show the inductive step. Assume the statement is true for some n = k > 1, i.e.

2n

(4k + 1)1 = A — %Z(—w%.

r=1

Using the identity above, we have

1 1 1
4k +1 NI — (4k + DL — = - | (=1)2FH1 _1)2k+2
(404 1)+ Dy = (54 DI — 3 - | 1240 capre s L

2k
1 1 1 1 1
=A—- = —1)T2 — 2| (=1)2kH _1)2k+2
2;( )73 [< s e S T
2(k+1)
1 1
A= S (e
3 721( )

Hence, the original statement is true for n = 1 (as shown when determining the value of A), and
given the original statement holds for some n = k > 1, it holds for n = k£ + 1. By the principle of
mathematical induction, this statement holds for all n > 1, where

—
[\]

n
B .
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2017.2 Question 2
We have

ATn+1 — 1

Tn+1 +b
arp—1
e

= arnp—1
Tp+b +0

Tn42 =

_alar,— 1)~ (0, +b)
(axp, — 1) + b(x, +b)

_ (@ Dz (a+D)
(a+b)x, + (b2 -1)

1. If the sequence is periodic with period 2, then for all integers n > 0, we have

Tny2 =T <> @y [(a+b)zn + (b —1)] = (a® — 1)z, — (a+b)
— (a+b)z2 —(a+b)(a—Db)x, + (a+b) =0
— (a+b)(z2 - (a — bz, +1) = 0.

We also have
Tpt1 = Ty = Tp(r, +b) =az, —1
— 22 —(a—b)ap +1=0,

and this means that for some n = k > 0, we must have 22 — (a — b)x,, + 1 # 0 (otherwise, the
sequence will have period 1).

Therefore, for such n = k, we must have a 4+ b = 0 for the first condition to be true, and hence this
is a necessary condition.

2. Using the formula between z,4 and x,, we have

a? —1)xpi2 — (a+0)
a+0)zn 1o+ (b — 1)

(
(
(2 ).w_(a+b)
(
_

Tnt4 =

IS)

(a+b)x,+(b2—1)

a?2—1)x,—(a+b
a+b) - Gy + (0 1)

a?—1)- [(a* = Day — (a+b)] — (a+b) - [(a+b)xy + (b — 1)]

(a+0)-[(a®> = Dan, — (a+b)] + (0* = 1) - [(a + b)z, + (0% — 1)]
(@ =1)2 = (a+b)?] 2, — [(a® = 1)(a+b) + (a+b)(b* — 1)]
N (@a+0b)[(a®—1)+ (b2 —1)] a2, + [(12 - 1)2 — (a + b)?]

If sequence has period 4, we have z,,+4 = x,, for all integers n > 0, and the sequence does not have
period 1, 2 or 3.

We notice

Tngd =Ty <> 2, [(a+D) [(a® = 1)+ (B> = )] 2, + [(b* — 1)® — (a + )?]]
=[(a®> = 1) = (a+b)*] z, — [(a® = 1)(a+b) + (a + b)(b*> — 1)]
— (a+b)(a®+b*—2) (22 — (a—b)z, +1) =0.

From the previous part, we know that for some n =k > 0, we must have
(a+0b) (27 — (a—b)zp +1) #0,

which means a + b # 0 and 27 — (a — b)xy, + 1 # 0. Hence, we must have a® + b* — 2 = 0.

On the other hand, if a®> +b* -2 =0, a+ b # 0 and 2} — (a — b)zy + 1 # 0 for some n = k > 0,
we know that the sequence does not satisfy x,,+1 = z,, does not satisfy x,, 42 = z,, and it satisfies
Tpt+4 = Tp-
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If 2,43 = =, then we have 135 = 2,4 which contradicts with not satisfying =, 41 = x,. Hence,
the sequence does not satisfy x,3 = x,, and it must have period 4.

Therefore, the sequence has period 4, if and only if
a+b=#0,
a2+ —-2=0,

x3 — (a — by +1# 0 for some n = k > 0.
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2017.2 Question 3
1. Since siny = sin x, we must have
y=x+2km
where k € Z, or
y=02k+1)mr—2x

where k € Z.

For the first case, since z € [—7, 7] and y € [—m, 7], we must have simply = = y.
For the second case, within this range, we can have y =7 — z, and y = —7 — z.

Hence, the sketch looks as follows.

Y
y==x
e
|
|
|
|
|
!
|
— ly=7m—x
T

I 0 ™

|

|

|

|

|

l

N -

y=-—-n"-—2z
2. Differentiating with respect to x, we have
c dy _ 1 ¢
0SYy—— = — COSZ.
ydx 2

Since siny = %singlc7 cosy = +£+4/1 —sin’y = +4/1— isin2 x. Since 0 < y < %777 cosy > 0, and
%m Hence,

1
dy 5 COS X cosx

dr %\/4fsin2x N \/4fsin2x.

hence cosy =

Differentiating this again gives us

(—sinz)V4 —sin’z — 1 - (—2sinz) - cosz - ——— - cosz
4—sin? z

d?y
da? 4 —sin®z
(—sinz)(4 — sin® z) + sinx cos?
(4 —sin?z)3
—4sinx + sin® z + sinz(1 — sin® )

(4 —sin?z)2

3sinx

)

as desired.

Eason Shao Page 177 of 430



STEP Project Year 2017 Paper 2

Within this range of x and y, we have

1
1y = arcsin (2 sin :L) ,

and hence this is a function, and each x corresponds to a unique y.

Atz =0,
cos 0 1
y=0y = ——m— =,
4—sin?0 2
and at © = 7,
0 cos &
y=5¥=——F7—==0
4—sin®Z
Since 3" = —(4351%)3 <0 forz e [0, g]7 this function is concave, and hence the graph looks as
—sin® x)2
follows.
Yy
A R ‘
|
|
!
x |
0] /2

Hence, for (z,y) € [—n,n]?, the graph looks as follows, by symmetry.

3. The graph is as follows.
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2017.2 Question 4
1. If f(x) =1, this gives

and

t
RHS:t/O ezrdng(e%—l) =

</abg(x)d:c>2 <(b-a) </abg(x)2dx>.

Let g(z) = e*, a =0 and b = t, and we have

2

LHS — </Otexdm> = (et — 1),

N | o+

Since LHS < RHS, we have

and hence

since et +1 > 0.

(=1 < 2 (¢ = 1) (1),
et71<t
et+1 =2

2. If f(z) =, and a = 0,b = 1, the Schwarz inequality gives

(/leg(m)dx>2 < /01x2dx/olg(x)2dx.

Since

we therefore have

Consider g(z) = exp (—

and hence

which is equivalent to

as desired.

3 </01 zg(z) da:)

%xz) . Notice that

/01 xg(x)dr = /01 T exp (—iﬁ) dx
2l (3]

(¢ —1) (¢! +1).
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3. For the right-half of the inequality, let f(z) = 1, and let the bounds be a = 0,b = %7‘(7 we have

(/ g(x)dx>2< g/ogg(m?dx.

Let g(z) = v/sinz, and hence

us

= 2
) z .
(/ md?«”) < g/ sinxdaz::g[—cosac]o2 = g
0

0

Since the integrand v/sinz > 0 for all = € [0, g], the integral over this interval must be non-

negative, and hence
3 /
/ vsinzdr < g
0

For the left-half of the inequality, consider g(x) = v/sinx, and f(x) = cosz (with the same bounds,
a=0,b=ir). We notice that

4/
cosxVsinx dx

|
o\
[N
3

/a ' f(@)g(e) o

_4 [(smx)ﬂ%

5 0
4 5 5
=1t -od]
5[ Y

_4

=

and that
b %ﬂ"
/ f(z)*da = cos? x dx

37T + cos 2x

o— S—

= 5 dx
= {lx—l—lsian} "
2 4 0
11 1, 1 1.
= {2-27r+4sm7r]—[2~0+451n0]
1
=™

Hence, by the Schwarz inequality, we have

16 1 H
%Szﬂ”/(; Vsinz dz,

and hence .
2 64
/ vsinzdr > —.
0 257

Combining both sides of the equality, we hence have

64 3 T
— < A/ Q] < —
251 _/0 ST = \/g’

as desired.
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2017.2 Question 5

1. By taking derivatives with respect to t, we have

i—f = 2at,
and dy
Tl 2a,
hence
dy 20 1
de — 2at  t

The gradient of the normal will hence be —t, and hence the normal through P(ap?,2ap) will be
y — 2ap = —p(x — ap?).
The point N(an?,2an) is also on this line, and hence
2a(n — p) = —ap(n — p)(n + p).

Since n # p, we must have
2=—p(n+p).
Given p # 0, we have
2
n—+ p=--
p

2 2
p p

2. The distance between P(ap?,2ap) and N (an?,2an) is given by

and hence

[PNP? = (2ap — 2an)° + (ap® — an?)”
=a’ [4p—n)* + (p—n)*(p + n)?]

Let f(p) = (1)21%1)3. By differentiation,

_32p- P+ pt - (P + 1) 4-p°

f'(p) P8
= 2(172;81)2])3 [3]?2 _ 2(p2 + 1)]
_ 2(p2p‘: 1)? (? —2).

This means that f'(p) = 0 precisely when p?> —2 =0, i.e. p = £v/2.
When 0 < p < V2, f'(p) <0, and when v/2 < p, f'(p) > 0.

When p < —v/2, f'(p) < 0, and when —/2 < p <0, f'(p) > 0.

This means that when p? —2 =0 (i.e. p = £v/2), f(p) has a minimum.

Since |[PN|* = L8 f(p) is a positive multiple of f(p), we must have that [PN |” is minimised when
2
p* = 2.
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3. Since Q(aq?,2aq) is on the circle with diameter PN, we must have that QP and QN are perpen-
dicular.

The gradient of QP is given by

2ag —2ap _ 2(¢—p) _ 2
—ap®>  (¢+p)g—p) q+p’

_ 2aq—2an  2(q—-mn) 2
ag® —an®  (¢+n)(g—n) q+n’

Since QP and QN are perpendicular, we must have

2 2

mgp-moN = —1 <& —— =-1
epPrTeN g+p qg+n

— —4=(q¢+p)(g+n)

¢> + (p+n)g+pn=—4

—

2 2 2

= ¢C——--q—-p —2=-4
p

—

2
P+ =2
p
as desired.
When |PN| is a minimum, we have p = £+/2, and hence
2—¢>+2¢ =2,

which gives

9(¢ 7 V2) =0.

Hence, ¢ = 0, or ¢ = ++/2 (which means p = ¢, which cannot be the case). When ¢ = 0, Q(0,0) is
at the origin, as desired.
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2017.2 Question 6

1. We first look at the base case where n = 1. 51:%:1, and 2-v1—1=1, so
S <2-V1-1

holds, and the original statement holds for when n = 1.

Assume this holds for some n =k € N, i.e., Si < 2vk — 1. We have

‘We would like to show

1
2k + <2k + 1.
VE+1~

Notice that

Wit <WETT = 2B 1) +1<20k+1)

VE+1
— 2/k(k+1)<2k+1
= 4k(k+1) < (2k +1)?
= 4k + 4k < 4K+ 4k +1

— 01,
which is true.
Hence,
1
Spr1 < 2Vk + —1<2Wk+1-1,
= NS

which is precisely the statement for n = k + 1.

The original statement holds for the base case where n = 0, and assuming it holds for some
n =k € N, it holds for n = k + 1. Hence, by the principle of mathematical induction, the original
statement holds for all n € N.

. For k > 0, we notice

(4k + DVE +1> (4k + 3k <= (4k+1)%(k+1) > (4k + 3)%k
<= (16k* + 8k + 1)(k + 1) > (16K + 24k + 9)k
< 16k> + 8k* + k + 16k® + 8k + 1 > 16k” + 24k* + 9k
<~ 1>0,

which is true.

We claim that C' = % is the smallest number C' which makes this true. We first show that C = %
makes the statement true by induction. For the base case where n =1, 57 =1, and

1 3 5 3
Wi+ —-—=2_2=
\f+2ﬁ 5=3 3~ b

and so this statement holds for n = 1.
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Now, assume that this statement holds for some n = k € N, i.e.

1
Sk > 2k + —— —C.
b= N

We have

1
\/k-i-

1
>2Vk+ oo zf VE+L

Sk+1 =Sk + ——

‘We would like to show that

1 1 1
Wkt —— 4+ —— >0+ 1+ ——.
Wk VE+1 Wk +1

Notice that

Wi = > 2VE 1+
2f \/ \/k+1
<:>2\/%+—>2\/k+1—7
Wk~ Wk +1
dk+1 _ 4(k+1) 1
oWk — 2WVk+1

— (4k+1)VE+ 1> (4k + 3)Vk,

which is implied by the proven inequality, and hence

1 1 1
Spp1>2Wkt ——+——e - C>2Wk 14+ ——e — C,
= Wk VE+r1 2WE+ 1

which precisely proves the statement for n = k + 1.

The claimed statement holds for the base case where n = 1, and given it holds for some n = k € N,
it holds for n = k + 1. Hence, the statement holds for all n € N when C' = 5

IfC<%,Wehaveforn:1

1 5 3
Wit o33y
Qﬁ 2 2

but

so the statement does not hold for when n = 1.

Hence, the smallest number C' for the statement to be true is C = =
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2017.2 Question 7

1. Since In is an increasing function, for 0 < x < 1, we have Inz < 0, and

fx)>z < Inf(z) >Inz
< Inz” >Inz
< zlnz >Inzx
— <1,

which is true since 0 < z < 1.

Notice that

< g(z) < f(x) <= Inz <nz/@ <Inz®
<— Ihnhz<zlnzr<zlnz
<~ 1>2" > .

The right inequality is shown by the previous part. For the left inequality, we have

1>2° < Inl>zlnz
<— O0>zxlnzx

must be true, since 0 <z <1 and Inz < 0.
Hence, we have x < g(x) < f(z) for 0 < x < 1.
When z > 1, we claim that z < f(z) < g(z).

2. Notice that
J'(e) = —a*
=% exp(z Inz)

1
=exp(zlnz)- <1~lnx+aﬁ : )
x

=exp(zlnz)- (Inz + 1)
= f(z) - (lnz+1).
f'(z) =0 if and only if Inz + 1 = 0, which holds if and only if x = l

e

3. We have
3}'1—>H10 flz) = il—>mo exp(zInz) = exp(0) =1,
and hence

lim g(z) = 0.

z—0
4. Let h(z) = 1 + Inz. We have

1 1 x-1
W)=-=+—-=
() 2 x x?

When 0 < 2 < 1, A/(z) < 0, and when 1 < z, h'(z) > 0. Hence, h takes a minimum when z = 1,
and h(1) =1 +Inl=1.

This shows precisely that
1
—+nz>1
x

for x > 0.
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Notice that

() = 1l
= 2 exp(f () na)
— exp(f(o)na) - (1 -0 + (o) s
—4(a)- (3 0) + 1) (m+1) -1
= f(z)g(z) - (; +hnz(lnz + 1)>
> [(@)g(x) - (1+ (na)?)
>0,

since f(x),g(x) > 0 for z > 0 (since they are both exponentials), and 1+ (Inx)? > 1 > 0 as well.

The graphs of the functions look as follows.

y=g(v)
y
y=f(z)
y=x
=@ |
y=g(r) 3
0 1 v
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2017.2 Question 8
The line through A perpendicular to BC' is

li:r=a+ Ay, A eR.
The line through B perpendicular to C'A is
lo:r=b+pv,ueR.
Since P is the intersection of I; and I, we must have
a+Au=b+ puv,

and hence solving for v we have

v:l(a+/\u—b).
W

Since v is perpendicular to C'A, we must have v - (a — ¢) = 0, and hence

l(a—i—)\u—b)'(a—c):O

I
< (a—b)-(a—c)+Au-(a—c)=0
R A:Jal‘lf’(’;(_acgd.

Hence, the position vector of P, p, must satisfy that

p—atin—a_ 2"P@-9
u-(a—c)
C'P is perpendicular to AB if and only if (p — ¢) - (b —a) = 0. We notice

(p—c)-(b—a)=(a+u—c)(b—a)
=(a—c)-(b—a)+ Au(b—a).

Since u is perpendicular to BC, we must have u- (¢ — b), and hence u-c = u-b. Hence,

(p—c)-(b—a)=(a—c)-(b—a)+Au-(b—a)
=(a—c)-(b—a)+ Au-(c—a)
B (a—b)-(a—c)
—(a—c).(b—a)—mu-(c—a)
=(a—c)-(b—a)+(a—Db) - (a—c)
=(a—c)-(b—a)—(a—c)-(b—a)
0

)

and hence CP is perpendicular to AB.
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2017.2 Question 12

1. Let X ~ Po(A) and Y ~ Po(u).

non-negative integer r, we have

PX+Y=r)=> P(X=tY=r—1)
t=0

:jjmxzwpwzr—w
t=0

T At Mr—t
_;6>‘~t! et (r—1t)!

1 z”": )\t'ur—t
M 1(r — )1
eMtr =il(r —1)!
1 s rIXtut
eMipl Z th(r —t)!
t=0

T

1 T\t r—t
e)x—&-p,r! ’ Z (t>)‘ 2

t=0
1

e)\_t'_'ur! ()\ + lu’)

A+ p)"

eyl

X and Y take values of non-negative integers. Hence, for any

which is precisely the probability mass function for Po(A + ), and hence X +Y ~ Po(\ + p).

2. We consider the probability mass function for the number of fishes Adam has caught in this

situation. Given X +Y = k, the only values that X can take are 0,1, -
-, k, we have

rz=0,1,--

can say that

P(X=z|X+Y =k =

(X | X+Y =

PX=z,X+Y =k)
P(X+Y =k)
P(X=2,Y=k—2x)
PX+Y =k)
PX=xz)-PY=k-—2x)
PX+Y =k)
k—x
(Atp)*
ertrE!

)\mﬂkfm k!
A+ )k 2!k —x)!

X
erx!

-, k, and hence consider

() () ()

This is precisely the probability mass function for the binomial distribution B (k:, ﬁ), and we

A
k)~ Bk ——).
) (’A+u)

3. When the first fish is caught, this is X +Y = 1, and X = 1. Hence, the probability is

P(X:1|X+Y:1):G),(}\i\ll)l(/\iuy—l

4. There is a probability of ﬁ of Adam catching the first fish, and in this case the waiting time is

A
A+

first for the fish to come up (which is ﬁ), plus the waiting time of Eve’s fish to come up (which

1

is ;7)’ summed together. This applies the other way around as well if Eve catches the first fish.

Eason Shao
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Hence, the expected time is
A 1 +1)+ [ ( 1 +1>
Adp \A+p  p A4 \A+p A
1 A A
_ L (A Ak M)
Ad+p \A+p g Ad+p o A
I

2., 2
:1.<1+A+ )
A+ Al

X+ A+ p?
Ap(A + )
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2017.2 Question 13

1. For each try, there is a probability of % of getting the correct key, and 1 — % otherwise. Let X3

denote the number of attempts to open the door, we can see that X; ~ Geo (%), and hence using
the formula for a geometric distribution,

The way to consider the binomial expansion is as follows. First, note the probability mass function

of X is
x—1
n n

and hence the expectation is given by

Consider the binomial expansion of (1 — ¢)~2. We have

1-g2=%" (=) - Il (=2+ 1)

pore t!

= (—D)fH (D) [T (1 + 1)
:; : #l
=i+ 1)
*; t!
=> (t+1)q".

t=0

Let qzl—%. We can see

=2 5 (1)

SIlm 3= 3+

Il
S

precisely what we had before.

2. Let X5 be the number of attempts to open the door in this case. Considering the probability mass
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function of X5, we have for x = 1,2,...,n, that
n—1 n—-2 n—(x—-2)-1 1
P(Xo =) = n n-—1 n—(x—-2) n—(x—-1)
_ (n=1)Y(n—a)!
!/ (n—2)!
_ (1)1
n!
1
=

This shows that X, follows a discrete uniform distribution on {1,2,...,n}, i.e., Xo ~ U(n).
Hence, E(X,) = 241,

3. Let X3 be the number of attempts to open the door in this case. Considering the probability mass
function of X5, we have for x = 1,2, ..., that

n—1 n n+x—3 1

n n+l nt+zr—2 ntz-—1
_(n+az-3)/(n-2)
C(ntz-1)/(n-1)
(et -3 n—1)!
T (ntax—1)(n-2)
_ n—1

C (ntz—-1n+tx-2)

3

which is precisely what is desired.

By partial fractions, we have

P(Xg:ﬂ)(nl).( 2 1 >

n+r—2 n+z-—1

and hence the expected number of attempts is

E(Xg)Zi(”—l)'x'<n+i_2_n+glc—1>

r=1
i 1 1
=mn-1 - .
(n );x<n—|—x—2 n+x—1>

We consider the partial sum of this infinite sum op to x = ¢, and

t

t 1 t
Zx(n—i—x—Q_n—l—x—l):Zn—&—m _Zn—l—x

=1 =1 =1
N n+x—1 n+xz—1
=0 =1

t—1

1 1 t
_n—1+;n+x—1_n+t—l

Y
_z:On—&—x—l n+t—1
n+t—2

1 t
=2 L

rz=n—1
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Hence, we have

r=1 z=1
o] n—2
1 1
= _— 1 _—— —_——
(n—1) (E . - 1)
x=1 z=1

does not converge since the first term (harmonic sum) diverges, and the rest of the terms are finite.
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