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2014.3 Question 1

Notice that

(1+az)(1+bx)(1+cx) =1+ (a+ b+ c)x + (ab+ ac + be)z® + abex®,

and by comparing coefficients we have

q = bc+ ca+ ab,r = abc

1. Using the identities for the logarithms, we have

and hence

In(1+ gz? +r2®) = In(1 + az) + In(1 + bx) + In(1 + cx)

as desired.

2. Since

and

Ss =

oo o0

:Z(_l)kﬂg_ki(_ k+1 bx +Z
k=1

k=1

=
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+b" +¢

_q)k+1 ka
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—

ak + bk + cF

Sk: L )

a?+ b +c?
2
(a+b+c)? —2(ab + bc + ca)
2

Sy =

_ 0% —2¢
2
= —q,

B

3
(a+b+c)(a®+ b* + c* — ab — be — ca) + 3abe
B 3

S3 =

= abe

:’r"

ad® + b5+ ¢

5
(a? + 0% +c2)(a® + 1% + ) — a?b?(a +b) — a®c*(a+c) —

k+1

b2 (b+c)

5
(—2¢)(3r) + a®bc + b*c*a + a®c?b

5
—6gr + abc(ab + be + ac)

5

—6gr +qr

5

= —qr.

Therefore, S5S553

= S5 as desired.
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3. Notice that

a” + b7 + "
S7 = —
(a® 4+ b + ) (a® + b + ¢°)
B 7
(—2q) - (=5qr) — a®b?(a® + b%) — b2 (b3 + ) — ac*(a® + ¢3)
a 7
10¢%r — a?b2(3r — ¢3) — b2c2(3r — a®) — a®c2(3r — b3)

7
10¢%r — 3r(a®b? + b2c* + a?c?) + a?b*cA(a + b+ ¢)

10¢2r — 3r [(ab + bc + ac)? — 2abc(a+ b+ )| + 720
7

10q2r — 3q2r

Also, S255 = (—q) - (—qr) = ¢, so0 S2S5 = S7 as desired.

4. Leta=1,b=1,c= —2. ¢ = bc+ca+ab= —3,r = —2. This means So = —q = 3, S7 = ¢’r = —18.
Notice that
a+0°+c” 194194 (-2)° 510 170
7 B 9 S 9 37
and this is obviously not S2S57 which gives a counterexample and the original statement is not true.

Sy =
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2014.3 Question 2

1. Since u = coshz, cosh2z = 2cosh? z — 1 = 2u2 — 1, and sinh z dz = d coshz = du. Hence,
sinh x q du
r= [ ——
cosh 2x 2u2 —1

1 1 1
/2(\/%—1 _\/§u+1)du
— (ln‘\/iu—l‘ —1n’\/§u—|—1‘> +C

ﬁcoshas— 1
Z\f V2coshz +1

+C,

as desired.

2. Let u = sinhz, cosh 2z = 1 + 2sinh? z = 1 + 2u?2, and coshz dz = dsinh z = du. Hence,

/ cosh x do — / du
cosh 22 ) 1422

! arctan()v/2u) + C

= ﬁ
1
= — arctan()v2sinh z) + C.
7 0 )
3. Notice that
cosh x sinh = 2e~ % 2e”

cosh2z  cosh2r e fe-28 14 b’
Let u = €”, du = de” = e* dz, and therefore

/1 du _/0 e” dx
o 14wt ) 1424

1 / O coshz sinh x
== — dx
2 J_. cosh2x  cosh2zx

111 2coshx —1
== | = arctan(ﬂsmhx \[COS x
2 V2coshz + 1
2coshx —1
—— [2arctan \fsmha: —In w
\f V2coshzx + 1

-1
1

) -(2--D —1n|1)r

il
l(
dak

- 21n\f+1
= " ,

—2In(v2 - 1)}

m\ x\

as desired.
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2014.3 Question 3

yz

1. Consider the point on the curve whose gradient is equal to m. Since on the curve, x = -, and
hence
dz. y 1
dy 22 m’
which solves to yg = %‘, and hence ¢ = .75, the tangent to this point is y = mx + .

If = < cand mc > a, this means that the line y = mx + ¢ is above the tangent. Let 6 = arctanm,
and we know the perpendicular distance between these lines will be

a a 1 cm —a
(cf—>~cos9:(cf—)~ = .
m m m2+1 mvm2+1

If & > cand me < a, this means that the line y = mx + c is the tangent (in the equal case) or
below the tangent (in the less-than case), which both means the line y = ma + ¢ intersects with
the parabola.

Hence, when mc < a, the shortest distance is always 0.
2. The distance d between (p,0) and (at?,2at) can be expressed as
d? = (at® — p)® + (2at)?
= a?t* — 2apt® + p? + 4ad*t?
= a*t* + 2a(2a — p)t* + p*.
We would like to minimise d > 0, which is the same as minimising d2.
The minimum of the quadratic function
f(z) = a*2? + 2a(2a — p)z + p*

occurs when

-2

_ 2a(2a—p) p—2a p
2 a? a a
However, d?> = f(t?) and t? can only be non-negative.

If 2-22>0,2 > 2, then this value can be taken, and the minimum will be

o _ 4a?p? — [2a(2a — p))*

d
4a?

=p? — (2a —p)? = —4a® + dap = da(p — a)

and the minimal d will be
d=2v/a(p —a).

In the other case where £ < 2, to let the t? value to be as close as possible to the symmetric axis,
we would like 2 = 0, at which point the minimal distance will be

and the minimal d will be
d=np.

The circle described is simply a circle centred at (p,0) with radius b. Therefore, the shortest
distance will be d — b if d > b, and 0 otherwise.
To put this into cases,
o If p>2a,d=2+/a(p—a).
— If 2¢/a(p — a) > b, i.e. b> < 4a(p — a), the shortest distance is 21/a(p — a) — b.
— Otherwise, 2\/a(p — a) < b, i.e. b> > 4a(p — a), the shortest distance is 0.
e Otherwise, p < 2a, d = p.

— If p > b, the shortest distance is p — b.
— Otherwise, p < b, the shortest distance is 0.
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2014.3 Question 4
1. We have

1
I—-1, :/ [(y’)2 —y? = (Y +ytanx)2] dz
0

1
- / [v* + ¢* tan® 2 + 29y’ tan 2] da
0

1
- / [92(1 + tan? ) + 2yy’ tan x} dz
0

1
—/ (y* -sec’ z 42y -y - tanz) dz.
0

But notice that

d
d—gftanx = y2~se(32;v+2y~y’-tanm,
T

and hence
1
I—1Iy= —/ (y* -sec®>z +2y -y - tanz) dz
0

=— [yQ tan l’](lJ

= —(y(1)*tan1 — 0% tan0)

= —(0%tan1 —0)
as desired.

This gives I = I;. Also, notice that the integrand of I is (y' + ytanx)? is always non-negative,
which means I; > 0, taking 0 only when ¢’ + ytanz = 0 for all z € (0, 1).

y +ytanz =0

dy ¢

—= = —ytanzx

dx 4

d

Y _ —tanzdz

Y

In|y| = —In|secz| + C

y = Acosz.

When z =1, y = 0, hence A = 0 since cos1 # 0. This means I; = 0 if and only if y = 0 for all
z € 10,1].
Since I = I, we know that I > 0, with the equal sign holding if and only if y = 0 for all z € [0, 1].

2. Let .
Jo = / (v + aytan bz)? de,
0
and we have
1
J—Jy= / [((v)? — a*y?) — (v + ay tanbz)?] dz
0
1
=— / [a2y2 +a’y?tan®bx + 2y -y - a - tan bx] dz
0
1
= —/ [a2y2 sec?br+2y -y -a- tanbx] dz
0

1
= —a/ [ay® sec® b + 2y - y - tan bx] d.
0
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Notice that if we let b = a, we have

dy? tan bz

5 = 2yy’ tan bz + by? sec? bx = 2yy’ tan bx + ay® sec? bz.
x

This means

1
J—=Jo= —a/ [ay® sec® bx + 2y - y - tan bx] da
0

= —a [y2 tan az](l)
= —a(y(1)*tana — 0% tan0)

=0.

This means J = Jj.
Since the integrand of Jy is a square, we know Jy > 0 and hence J > 0.

This is only valid when ax < § for z € [0,1] (since otherwise this range will cross an undefined
point), which means a < 7.

When a = 7, consider y = cosaz. Notice that 3’ = —asinax, and therefore
1
J = / ((—asinazx)? — a? cos? ax) dx
0
1
= —a? / (cos? ax — sin” ax) dz
0

1
= —a2/ cos(2ax) dx
0

o | sin2az !
= —Q _—
2a |,

but y is not uniformly zero.
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2014.3 Question 5
ABCD is a parallelogram if and only if AB is parallel and equal to DC. This is true if and only if,

AB = DC,

and using complex representation (which is also equivalent)
b—a=c—d.

This is equivalent to
a+c=b+d

so we are done.

In this case, ABCD is further a square if and only if it is both a rhombus and a rectangle. It is a
rhombus if and only if the two diagonals, AC' and BD, are perpendicular to each other, and a rectangle
if and only if the two diagonals, AC and BD, have equal length.

This is equivalent to @ being 1@ rotated 90 degrees anti-clockwise exactly (due to the labelling as
defined), and using complex representation (which is equivalent)

i(c—a)=(d—0).
Flipping the signs on both sides (which is reversible) gives
i(a—c)=(b—d)
as desired.

1. X is the centre of the square constructed externally along the edge PQ if and only if ﬁ is ]@
rotated clockwise by 45 degrees and scaled down by a factor of /2. In complex notation, this is

equivalent to
1 iz
x—p=(q—p)~*ﬂ-e T

But notice that e~*7 = cos 7 —ising = %(1 — 1), and hence this equation is equivalent to

v =g —i)+p= ST

as desired.
2. Similarly, we have

(1+i)g+ (1L —d)r

2 )
L 1+dr+(1-1)s
2 )
f (I4+d)s+ (1 —a)t
2
XY ZT is a square, if and only if
rT+z=y+1t

and
i(xr—2)=y—t.

For the first one, this is equivalent to
I+ip+(Q—-dg+1+d)r+(1—-d)s=1—-i)p+ 1 +i)g+ (1L —d9)r+ (1+1)s,

which is equivalent to
p+r=q+s,

which is equivalent to PQRS being a parallelogram.
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For the second one, this is equivalent to
i-(I+dp+ 1 —-di)g—(1+i)r—1—-0)s)=—-1—-0p+(1+d)g+ (1 —i)r—(1+1)s,
which is equivalent to
—A+ip+Q+id)g+Q—i)r—(1+i)s=—1—i)p+ (1 +i)g+ (1 —i)r—(1+1)s,

which is trivially true.

This shows that XY ZT being square is equivalent to PQR.S being a parallelogram as desired.
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2014.3 Question 6

Since f”(t) > 0 for ¢t € (0,x0), we must have that for all x € (0,zg), we have f”(t) > 0 for t € (0, x),
and hence

/0 ") de = f(@) — £(0) > 0.

But since f’(0) = 0, this implies that f’(x) > 0 for = € (0, ).
Repeating this exact step gives that f(z) > 0 for = € (0,xz¢) as desired.

1. We would like to show f(z) =1—coszcosha > 0 for z € (0, 37). Notice that f(0) =1—1-1=0,
and
f'(x) = sinz coshx — cosx sinh z,

which means
f’(O)=O~1—1-O:O.

Further differentiation gives

f"(x) = cosz cosh z + sin x sinh z + sin x sinh x — cos z cosh z = 2 sin z sinh .

Ifxe (0, g), we have sinz > 0 and sinh x > 0, which gives f”(x) > 0.

From the lemma we proved we have f(z) > 0 for z € (0 Z), which is exactly cosxcoshx < 1 as

)
desired.
2. What is desired is to show sinz coshz — 2 > 0 and x2 — sinzsinhz > 0 for x € (O7 g)
Let g(x) = sinz coshx —z and h(z) = 22 —sinzsinhz. g(0) =0-1—-0 =0 and h(0) = 0>—0-0 = 0.

Differentiating gives
g (z) = coswcoshz + sinxsinhx — 1,

and
B (z) = 2z — cos xsinhx — sin z cosh z.
Hence,
J0)=1-140-0—1=0,
and

h'(0)=2-0-1-0—-0-1=0.
Differentiating this again gives
g"(z) = —sinx coshx + cos z sinh z + cos x sinh z + sin x cosh x = 2 cos x sinh
and

B (x) =2 + sinzsinhz — cos x cosh x — cos x cosh z — sin x sinhz = 2 — 2 cos z cosh x.

For z € (0, %), we notice that cosz > 0 and sinhz > 0, and so g”(x) > 0. Also, notice that
N'(z) = 2f(x) so h'(x) > 0.

Hence, g(x) > 0,h(x) > 0 when x € (0, 5) which proves the result as desired.
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2014.3 Question 7

1. Since Py, P», P3, P, are cyclic, they must satisfy that £/ P, P, Py = /P; P3 P;, which means ZP; P,Q) =
AQP3P4. AISO, we must have ZPlQPQ = ZPgQP4

This means that AP QP, ~ ZP,QPs (in this order). Therefore, the ratio of the side lengths satisfy

that
PQ _ PQ
QP,  QPs’
and hence
PQ-QP;=PQ QP
as desired.

2. Since @ is the intersection of Py P3 and Py Py,  is on P; P3, and hence the position vector of @, q
can be expressed as a convex combination of p; and ps, i.e.,

q = bip1 + bsps

where by + b3 = 1.

Similarly,

q = b2p2 + baps
where by + by = 1.
Hence

bip1 — bap2 + b3p3 — byps =0

Let a3 = b1,a0 = —bs,a3 = b3,ay = —by, and we must have Z?Zl a; = 0, and Z?Zl a;p; = 0.
Since b; + b3 = 1 they must not be both zero, and hence a1, as, a3, a4 are not all zero.

3. If we have a; + as = 0, we must also have as + a4 = 0. Let a1 = A\ a3 = p,a3 = =\, a4 = —p, we
have
A(P1 — p3) = p(p2 — Pa)-

But since P, P; and P, Py intersect at one point, this means they must not be parallel, and hence
one of A and g must be zero. But if one of them is zero the other one has to be as well, which
means all of a; are zero, which contradicts with given.

Still, let by = ay,bs = —ao, b3 = a3, by = —a4. From given, we must have by + b3 = by + by = T.
By rearrangement of the given vector equation, we have

bip1 + b3p3 = bap2 + baps.

If we divide both sides by T', we have

by
by + b3

p1+ p2 + P4.

5y 2 4
bi+bs > by + by by + by

The position vector represented on the left-hand side must be on the line P, P35, and on the right-
hand side must be on the line P, P,. But they have a unique intersection at (), which means both
must represent the position vector of @), which is exactly

a1p1 + asps
ai +az

It must be true that az : a1 = P1Q : QP5. This is because

q=p1+ (P3 — P1)-

a1—|—a3

The magnitude of ps — p; is the length P; P and the distance @ has ’'travelled’ along P; Ps from
P; is —%3— of the total.

ai+ag
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This means
as ai

PQ = P P3, P3Q = P, P;.
10 ot ag 30 o tag
Similarly,
PQ = a4 PPy, PQ = 2 _pp,.
as + ay as + a4
From the first part of the question we have
aias 9 204 2
——— (P P3)* = ————— (P Py)"~.
(a1 + a3)2( 1Fs) (a2 + a4)2( 2F4)
But since a; +ag+ a3z +aq =0, a1 + a3 = —as — ay, and hence (ag +a3)2 = (a2 —|—a4)2. This means

a1(13(P1P3)2 = a2a4(P2P4)2,

as desired.
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2014.3 Question 8

Notice that there are (k"Tt —1) — k" + 1 = k"*! — k» = k™(k — 1) items in the summation. By the
monotonic condition of the sequence in the question, we know that all the elements in the sum are greater
than or equal to f(k™) and less than f(k"*!). This immediately proves the inequality.

1. Let k = 2. Since f is decreasing, we know that for all non-negative n, we have

ontl_q

1 1
P I MEEL LRI

r=2

3

which simplifies to
ontl g

1<

r=2"

<1

N
S|

Summing this from n = 0 to n = N (which contains (N + 1) such inequalities) yields

2N+1 1

N+1 1
T <27<N+1

2

as desired.

We can show that this sum can be arbitrarily big by letting N — oo, and the lower bound of the
sum & +1 — o0. This means the infinite sum must diverge.

2. Let k = 2. Since f is decreasing, we know that for all non-negative n, we have

Y 1 11
Y oS 2-1)- S

3 n\3 2n n
R (2m) 2 4

Summing this from n = 0 up to n = N gives

Let N — oo, the weak inequality remains. This gives
SEEREE
~rP T3 3

as desired.

3. Using a probabilistic argument, from the set of three-digit non-negative integers (allowing leading-
zeros) {0,1,2,...,999}, each digit has a % chance of being 2, and hence 19—0 chance of not being 2.
This means that the number of elements in this set not being 2 is equal to

103 - (190) =93,

But 0 is counted in the 93 as well, which is not included in S(1000). Therefore, S(1000) = 9 — 1.
This method applies in general to n-digit numbers and for S(10™) = 9" — 1 as well.

Let f(i) be the i-th integer not having 2 in the decimal expansion in increasing order, and hence

S(n) = {f() [ieN, f(i) <n},

and
S(n)

1
W=D
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Let k = 9. Notice that f(9") = f(S(10") + 1) = 10™ since 10™ is must be the next number

satisfying the condition. Also, since f must be increasing on the integers, we have r — f(lw) is

decreasing on the integers, and hence, for non-negative integers n

R 1 9\"
2 =’ <9‘1>f<9n>:8‘<1o) |

Summing this from n = 0 to n = N gives

v = 5 csy (5) w1 (5) ] <m0

r=0 n=0

For all n € N, there exists N € N such that 10V *! > n, and since ¢ is increasing, we must have
80 > o(10V*1) > o (n), which finishes the proof.
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2014.3 Question 12
1. Notice that x,, is such that

Ym 18 such that

Therefore,
1
F(zy)=F(nyy,) = 3
Therefore, z,, = Iny,,, and y,, = e*™.

2. Notice that the cumulative distribution function G(y) of Y satisfies that

G(y) =P(Y <y) =P(e¥ <y) =P(X <Iny) = F(lny).

Therefore, differentiating both sides w.r.t. y gives that the probability density function of Y, g(y)
satisfies

o) = %f(lny),

as desired.
The mode of Y, A must satisfy that ¢’(A) = 0. By quotient rule, we have
1
fny)-5-y—=1-f(ny)  f(Iny) - f(Iny)

/
g (y) = = .
y? y?

Therefore, ¢’(A) = 0 implies that f/(InX) = f(InA) as desired.

3. This is because it is simply a horizontal shift of f(x) in the positive  direction by o2 (i.e. this
is the integral of f(x — 0?)), and this improper integral on R will evaluate to the same value as
integrating f(z), which is simply 1.

Expanding the exponent of the integrand gives

(x=p=02? (2= 2+ =23 —p)

202 o 202
(z—p?) 1
D ) —502—&-(30—;;).
Hence,
E(Y) = E(e")
1 o 2 2
— z, o~ (a—p)*/(20%) 4
= e e i
oV21 J -
_ ! /°° o~/ (207 b g,
oV21 J -
1 1.2 o0 2 2 12
- = . e/t+§a / e—(m—/z) /(20 )+r—5z7 —tdr
oV22r —0o
P 1 o0 2 2
_ optdo? 7/ o= (w=1=0)?/(20%) 1y
oV21 J_x
= e/‘+%‘72,
as desired.
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4. When X ~ N(u,0?), 2., = 1 and therefore y,, = e#. Differentiating the p.d.f. for X gives

1 —2((E - /‘L) —(z—p)?/(202
Fla) = v R e (@—p)?/(20%)
T H @e)?/(20%)

T 2. o2

Therefore, f(z) = f'(z) when —%32 = 1. This is precisely when # = 1 — o2, which means
A=el77 .
Now, since E(Y) = e“+%"27ym =et = e“_”2, and o # 0 so 02 > 0, this gives the result
A <ym <E(Y)

as desired.
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2014.3 Question 13

1. Let this condition be C;. Since the game ends in the first round, the score must remain to be zero,
and therefore

P(N=0]|Cy) =
and for all other n € N where n # 0,

P(NZTL|C1)=

This means the p.g.f. for N conditional under C; is just simply G(t | C1) = P(N =0 C;)-t° = 1.

2. Denote this condition be Cs. Since in the first round, the game score does not change, and after
the first round it is just as if this was a new game, so for all n € NU {0}, we must have

P(N=n|Cs) =P(N =n),

and hence

G(t]Cy) = ZP =n|Cy)- ZP =G(t).

3. Denote the condition where the score is increased by 1 as C5. Since in the first round the game
score increased by one, and after the first round it is just as if this was a new game, so for all

n € N, we must have
P(N=n|C3)=P(N=n-1),

and
P(N=0|C35)=0

Hence,
Gt | Cs) = ZP =n|Cs)- i =n—1) —tZP = tG(t).

Since in the first round, one of C1,Cs and C5 must happen, we must have that

G(t) = P(Cl) . G(t | Cl> + P(OQ) . G(t | 02) + P(Cg) . G(t | Cg) =a+ bG(f) + CtG(t).

Hence, rearranging gives
(1-b—ct)G(t) = a,

and hence /(1 —0)
G(t) = (1—-0b)—ct - 1—ect/(1-0)

Hence, using the infinite expansion, we have

:i a ck i
21 b
o
=
k=0

But the coefficient before ¢™ is precisely the probability P(N = n). This means

CLCk

P(N=n)= m,

as desired.
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4. We know that = G’(1). We can find that

ac
Gt)= —-7—
®) [(1—-0)—ct]?’
and evaluating this at ¢t = 1 gives
Gy _c
M_G(l)_(l—b—c)Q a? a

Therefore, we have ¢ = ua
k
(a+ c)ktt

a(pa)*
@+ pa)it
aptak
aFTI(1 + p)kt

1

)
uk+1

P(N=n)=

as desired.
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